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NOMENCLATURE

specific heat at a constant pressure
diffusivity

energy per unit mass

total energy per unit mass
gravitational acceleration vector
joint probability density function
enthalpy per unit mass

enthalpy of formation

pressure

entropy per unit mass
temperature

axial velocity

velocity vector, U; = U, + U}
transverse velocity

molar mass

position vector

mass fraction

Dirac delta function

mixture fraction

thermal conductivity

dynamic viscosity

density

shear stress tensor

volumetric chemical source term
ensemble average

Superscripts:

”"

ensemble average
density-weighted average
density-weighted fluctuation
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PROJECT SUMMARY

The overall objective of this research was to develop turbulence and chemical reaction
closure models for compressible reacting flowfields with large velocity and thermo-chemical
fluctuations, and to use these closure models in the numerical calculation of several free and
wall-bounded supersonic turbulent chemically reacting flows. This work was motivated by
the need to develop accurate models for flowfields present in a typical supersonic
combustion ramjet (SCRAMJET) engine.

The probability density function (PDF) theory was used in this work to develop a
hybrid stochastic model for such flowfields. This modeling technique couples the time-
averaged compressible flow equations with a probability density function formulation for
the chemical reactions. The advantage of this method is that it treats chemical source terms
and the state equations in a turbulent flowfield consistently, and more accurately, than
standard approaches. The basic idea behind the above hybrid stochastic model is to solve
the time-averaged mass, momentum, and energy conservation equations with standard
numerical methods, and obtain the chemical reaction solution from a stochastic model,
instead of solving the time-averaged species conservation equations. This method’s
requirements can be summarized as follows:

(1) A PDF model for chemical reactions.
(2) A second order turbulence model for compressible reacting flows.
(3) A coupling between the mean flowfield and thermo-chemical variables.

To obtain some insight into the coupling between the mean flowfield and the
thermodynamic variables, a theoretical study of the joint PDF of velocity components and
thermodynamic variables in nonreacting turbulent compressible flows was conducted. This
analysis indicated that the principle of the hybrid stochastic model is valid as long as the
local effects created by compressibility are included in the turbulent modeling of the
velocity field. Next, two different PDF models for chemically reacting flows were
developed. The first one was a prescribed PDF model for mixing controlled chemical
reactions. This model, along with a two-equation k-¢ turbulence model, was implemented
into a two-dimensional Navier-Stokes solver (RPLUS), and applied to several flowfields.
The second PDF model was based on the solution of a transport equation for the joint PDF
of a set of scalars representing species composition in a chemically reacting flowfield. This
model, along with a second-order Reynolds stress turbulence model, was implemented into
a two-dimensional parabolic flow solver and applied to a supersonic round jet. The above
work points to the theoretical superiority and numerical feasibility of such comprehensive
models for supersonic turbulent reacting flows. However, the results indicate that a robust
Navier-Stokes solver with a total variational diminishing technique is required for the
numerical solution of the governing transport equations in flowfields with a shock ora
contact discontinuity, and the use of artificial numerical dissipation models can lead to
serious complications.
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The chemical reaction and turbulence models developed in this work can substantially
increase the accuracy and versatility of the present computer codes used for the prediction
of supersonic turbulent reacting flows. Aircraft engine companies and defense industries
will be the main users of the resulting codes as a research and development tool. However,
models developed here can be used by researchers and engineers in a variety of other
applications such as laser technology.



INTRODUCTION

The modeling of chemically reacting turbulent flows at supersonic speeds has been
attempted by many investigators since the late 1950’s (Refs. 1 and 2). However, the physical
and mathematical complexities of this problem have prevented the development of
satisfactory models for the turbulence and combustion mechanisms and their influence on
each other in a compressible flowfield.

A widely used approach to the solution of both the subsonic and supersonic problems
is to consider the Reynolds averaged conservation equations of total mass, individual
species mass, total momentum, and total energy in addition to equations of state relating
the thermodynamic quantities for compressible flowfields. Introduction of models for the
averaged chemical source terms and models for the turbulence correlation quantities in
terms of the mean flow quantities would completely define the set of equations to be solved.
The major drawback to this approach for both the subsonic and supersonic cases is the
dependence of the chemical source terms on the average thermodynamic quantities. If the
local combustion process involves reacting fluid parcels, some of which are at higher than
average temperatures and some at lower than average temperatures, the average reaction
rate would be biased toward the high-temperature side because of the exponential
dependence of chemical reaction rate on temperature. Thus, the average state of reaction in
a turbulent flow would be greater than that defined by the average temperature, and a
computational model that accounted for only average temperature in the calculation of the
chemical reaction rate would predict blowout more readily, i.e., at a higher fuel-air ratio
than actually observed (Ref. 3). The higher pressure fluctuations along with lower mean
pressure ranges, coupled with the short residency time of the fuel-air mixture in supersonic
ramjet engines, make the treatment of the chemistry rate a more crucial factor in the
modeling of supersonic combustion.

In recent years there have been many extensive efforts to devise more satisfactory
methods for the treatment of the chemical source terms (Ref. 4-8). These methods range
from simple phenomenological modeling of turbulent reaction (Ref. 7) to the solution of the
exact, unaveraged governing equations (Ref. 8). Phenomenological modeling is
accomplished by decoupling the turbulence from the chemistry through consideration of the
dominant time scales and classifying the reaction mechanisms into either mixing controlled
(diffusion flame) (Ref. 9) or chemistry controlled (premixed flame) (Ref. 10). One of the
more promising approaches to the modeling of the chemically reacting turbulent flowfields
is the application of the theory of single-point joint Probability Density Function of the
velocity components and the thermo-chemical scalar fields (Ref. 11). A transport equation
for this joint PDF can be obtained from the partial differential equations which define the
conservation laws of the system. This method treats the rate-dependent source terms in the
species equation exactly. Such PDF methods are also remarkably successful in alleviating
many other modeling difficulties. For example, the effects of convection and the body force
are treated without any approximations (Ref. 11). However, there are other terms
appearing in the transport equation of the single-point joint PDF that require complicated
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models. These non-closed terms include the correlation of variables at different spatial and
temporal points and also include terms due to the effects of pressure and molecular
transport.

The method of solving a modeled PDF equation was pioneered by the work of
Lundgren (Ref. 12), who modeled and solved a transport equation for the joint PDF of
velocity in a nonreacting, incompressible field. Dopazo and O’Brien (Ref. 13 and 14)
derived, modeled, and solved the transport equations for the joint PDF of a set of scalars
representing mass fractions and enthalpy describing the thermochemical state of the fluid.
As mentioned before, complicated reactions can be treated exactly with this approach in
contrast to conventional turbulence models in which mean reaction rates must be modeled.
A major obstacle to the solution of the modeled transport equation of the joint PDF, for both
velocity and thermochemical scalars in a compressible flow case, is the problem of obtaining
a numerical solution for a realistic problem. This is due to the fact that the single-point joint
PDF, for compressible reacting flows, is a function of a large number of independent
variables. For a simple reaction, involving only three chemical species in three dimensions,
such a general PDF is a function of 11 independent variables (Ref. 15). The numerical
solution of the transport equation of such a function is prohibitively time consuming.
Therefore, with the present computational powers, a simplified version of the fully joint
PDF is desirable.

The complexities of physical phenomena in a turbulent chemically reacting
compressible flow suggest that there is no one method of modeling that is superior in all
applications. Depending on the nature of the time scales involved in the chemical reaction
and the flowfield, an appropriate approach may be to design models that are best suited to
the particular physical circumstances under consideration. However, ideally, one is looking
for a comprehensive approach that would lead to simpler models in extreme cases. The
probability density function (PDF) theory was used in this work to develop a hybrid
stochastic model for such flowfields. This modeling technique couples the time-averaged
compressible flow equations with a probability density function formulation for the
chemical reactions. The advantage of this method is that it treats chemical source terms and
the state equations in a turbulent flowfield consistently, and more accurately, than standard
approaches. The basic idea behind the above hybrid stochastic model is to solve the time-
averaged mass, momentum, and energy conservation equations with standard numerical
methods and obtain the chemical reaction solution from a stochastic model, instead of
solving the time-averaged species conservation equations. This method’s requirements can
be summarized as follows:

(1) A PDF model for chemical reactions.
(2) A second order turbulence model for compressible reacting flows.

(3) A coupling between the mean flowfield and thermo-chemical variables.

To obtain some insight into the coupling between the mean flowfield and the
thermodynamic variables, a theoretical study of the joint PDF of velocity components and

- vii -



thermodynamic variables in nonreacting turbulent compressible flows was conducted. This
analysis indicated that the principle of the hybrid stochastic model is valid as long as the
local effects created by compressibility are included in the turbulent modeling of the
velocity field. Next, two different PDF models for chemically reacting flows were
developed. The first one was a prescribed PDF model for mixing controlled chemical
reactions. This model, along with a two-equation k-¢ turbulence model, was implemented
into a two-dimensional Navier-Stokes solver (RPLUS) and applied to several flowfields.
The second PDF model was based on the solution of a transport equation for the joint PDF
of a set of scalars representing species composition in a chemically reacting flowfield. This
model, along with a second-order Reynolds stress turbulence model, was implemented into
a two-dimensional parabolic flow solver and applied to a supersonic round jet.

Chapter One of this report is concerned with the derivation of the density-weighted
averaged Navier-Stokes equations for compressible turbulent chemically reacting flows.
Several turbulence models and a prescribed PDF combustion model for the above flowfields
are also presented in this chapter. Chapter Two discusses the implementation of these
models into the RPLUS code and presents the results of the application of the code to
several free and wall-bounded supersonic turbulent shear layers with and without chemical
reaction. Chapter Three is concerned with the theoretical formalism behind the joint PDF
formulation for compressible turbulent flowfields. In Chapter Four, modeling and solution
of the transport equation of a joint PDF for a supersonic hydrogen-air flame is considered.

This is the final report for the NASA contract NAS3-25663. Topics related to tasks one
and two of the contract are discussed in Chapters One and Two. Chapter Three is
concerned with topics related to Tasks Three and Four, and Chapter Four is devoted to
discussion of topics related to Task Five of the contract. Several versions of the modified
RPLUS code have been delivered to the contract’s technical monitor (Mr. Russ Claus)
already; however, a final version will also be submitted with this report.
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CHAPTER 1. GOVERNING EQUATIONS AND MODELING APPROACHES

In this chapter, the governing transport equations and auxiliary relations of a
compressible chemically reacting turbulent flowfield are reviewed briefly. Next the density-
averaged form of these equations is discussed. The modeling of the Reynolds stress tensor
and other turbulent fluctuation correlations appearing in the averaged equations is
discussed in Sections Three and Four. The nondimensionalized form of the averaged
governing equation is given in Section Five. In the last section an assumed probability
density function combustion closure model is presented, and equations needed by this
model are discussed in detail.

1.1 Exact Governing Equations

Consider a mixture of N gaseous species, in which density, species mass fraction, and
velocity at a point in space and time are defined by

N
p = ;E: P, (1.1.1)
n=1
Yn = pn/p (1.1.2)
N
U= néj—’l‘ En pn/p (1.1.3)

The conservation laws of mass, species, momentum, and energy are applied to the above
mixture. Utilizing the Cartesian tensor notation to express the equations in general three-
dimensional form the following equations are obtained:

Mass Conservation:

ap E]
3¢ + E;T (pU,) = 0 (1.1.4)

5 3

Species Conservation:

It (PYn) + 3;; (pUjYn - pDn 3;;) = Tn (1.1.5)

n=1,2,..., N-1

Momentum Conservation:



dJ d
3t (PUi) + P (pUjUi + 6ijP - Tij) = pG:.L (1.1.6)

Energy Conservation:

3 3 x dh PPLCh R
‘E‘Pet“’s';{”“jet””j"ij“i‘ i 2 T M } - PGV
(1.1.7)
Auxiliary Relations:
N oY 3u, an ) au,
P = pRT > —, T..=f (— +5= -3 6..5)
-1 W ij axj axi 3 i3 axl
N
>y =1, et=h—g+-]2502.,
= p 3
o IT N
h =h. + c drT, h = Z hy
n fn T Pn n=1 na

The chemical source terms depend on the particular chain of reactions taking place.
Let a particular chain of reactions be represented by the following symbolic equation

N, keyy X
i}:_; Viy By Z Viy A (1.1.8)

*p3
g =1, 2, «.es J

J
coefficients for species i appearing as reactant and product, respectively, in reaction j, where

there are ] reaction steps decided by the chemical kinetics model chosen. The k’s denote
Arrhenius rate constants that depend only on temperature for reactions in ideal gas
mixtures. The species source terms are then given by

where A, is the chemical symbol for species i; Yjj and y;; are the constant stoichiometric



I=1
where
N ve L N pe.
= " - ’ 1] - " - ’ 1]
nj = “Ynj ~ Yny’ kfj i (PYy) (Va3 ™ Yny! *py ifp PYy)
(1.1.9)
%
and kfj = ﬁj T ° exp (- Taj/T)

B;and a; are Arrhenius constants. T,; is the activation temperature for the jth reaction step
(Ref. 16).

1.2 Averaged Governing Equations

The system of equations presented here represents the instantaneous state of the
system from an Eulerian point of view. The solution to this set requires a great deal of
computing power to accurately resolve all of the important scales of the problem. One way
of reducing the scales involved in the problem is the introduction of statistical ensemble
averaging, which divides the flowfield into the mean quantities, which are ensemble-
averaged, and the fluctuating quantities. The mean quantities are solutions of the averaged
governing equations, which contain the correlations of the fluctuating quantities. The
modeling of these unknown correlations is called the closure problem and often results in a
larger, but more accessible, set of equations whose solution gives the variation of mean and
correlated quantities in the flowfield. Density-weighted ensemble averaging is
recommended for variable density flowfields (Ref. 5). Except for the density and pressure,
which are not density weighted, any other field variable can be represented as

O(x, t) = ®(x, t) + O"(x, t) (1.2.1)

where o(x, t) = p(x, t) O(x, t) / p(x, t) (1.2.2)

is a density-weighted mean and @" is the fluctuating part. The averaged density p(x, t) is
defined by

N
P, ) = Hm < > p. (x t) (1.2.3)
=
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where N is the number of experimental repetitions, and the density is then given by
p(x, t) = p(x, t) + p'(x, t) where p’(x, t) is the fluctuating part.

In cases of stationary processes, the ergodic assumption allows the use of time
averaging instead of ensemble averaging, and mean quantities will become independent of
time. Application of the above decomposition to all dependent variables in the governing
equations and the subsequent averaging results in the form of the equations given below.

Mass Conservation:

ap d -
3t 5"_1 (pUi) =0 (1.2.4)

Species Conservation:

(pY ) + 2 (p U.Y + p U"Y") = 9 (p D iz3) + % (1.2.5)
n X, i'n i'n ox, n .- n
i axi

3_
at

n-1, 2' Y N—l

Momentum Conservation:

L~ 2 35T Sonuy = - 9B L 3
at (PUy) * 5 (UL U, + PULTY) o, PGy
(1.2.6)
au au U
d - i 2 1
NI e S R AP 1
axj axj axi 3 ij axl

i=1, 2,3




Energy Conservation:

d (_~ ) + d (_ﬁ é + _Unen) = - _a_ (E[’j + PU") + _ﬁ G
ot Pt T g (PUse + pUSer EINNS 37 T P45,
(1.2.7)
- - N - oY
Jd - = —_— d Kk oh 3 K =5 = ,2 _ ~ n
* ax,(rijUi * TijUi) ax,(~ ax_) * ax,[z - (pDncp/x l)hn ax,)]
j je j 3 n=1lc
P p
with the auxiliary relations:
N —
Z Y =1 (1.2.8)
n
n=1
/—-_’
—= —= l—-2 1-'"2 _
= — - " - 1.2.9
pe_ = ph ~4-2p0i+2pUi P ( )
=~ 1
- ° —_— 1.2.10
h =h +_[chp (T) arT ] ( )
n P T n
o
_ N - —
h =2 (h¥ + hryn) (1.2.11)
n=1
~ T —
N Yn T"Y"n
- —_— e
P = RpT > GG + = ) (1.2.12)
n= n T n
T J <
T = 321 T n=1,2, ..., N (1.2.13)

The :fnj are obtained by averaging Equation (1.1.9).



There are two assumptions which are implicit in the above averaged equations. The
first is that, in all of the conservation equations, the fluctuations of the molecular diffusivity
can be neglected in comparison to the mixing created by velocity fluctuation throughout the
turbulent region at high Reynolds numbers. Fluctuating molecular diffusion terms are also
negligible in comparison to the mean diffusion effect in near-wall regions, since they
approach zero in these regions. The second assumption is that the effect of thermodynamic
fluctuations on the molecular properties of the mixture is negligible and molecular
properties are evaluated at the mean thermodynamic values. Therefore,

Kk/c, = E/EP = K(T)/CP(T)

This assumption is valid for molecular diffusion coefficients at high Reynolds numbers.
However, the above approximation for specific heat at constant pressure can be inaccurate
at high Mach numbers. Therefore, caution must be exercised in the application of this
assumption to the evaluation of species’ enthalpy as a temperature integral of the specific
heat at constant pressure (see Equation 1.2.7).

1.3 Turbulence Closure Models

Upon examination of the set of averaged governing equations it becomes clear that
there are a large number of unknown correlations that need to be modeled before the
solution can be attempted. The conservation of momentum requires modeling of the
Reynolds stress tensor, i.e., UiUs Since the behavior of these terms has a major influence on
the velocity field, their modeling constitutes the centerpiece of the turbulent flow structure.
These terms are extensively studied for incompressible flowfields (Ref. 17). Several
approaches to the modeling of Reynolds stresses in compressible flows will be presented in
this section. These include second order Reynolds stress modeling, two-equation eddy
viscosity k-¢ modeling, and a zero-equation eddy viscosity modeling approach. The
modeling of the other turbulent fluctuation correlation terms explicitly appearing in the
averaged governing equations is dependent on the modeling of the Reynolds stresses and
will be discussed in a later section.

1.3.1 Second Order Modeling

Reynolds stresses can be viewed as dependent variables and their values can be
obtained directly by solving their transport equations. The exact transport equations for the
Reynolds stresses can be obtained by multiplying the instantaneous momentum equation
with a component of the velocity fluctuation and then taking a density-weighted average of
the resulting equation. After some algebra, the following equation is obtained:



au, 3,

L (p Unu") + <2 pu_U"y" + 56:5753 = - |p urur —Z= + 5 grge 3
ot i3 3% 1715 174 173 9% 171 %)
(a) (b) (c)
(1.3.1)
P ——
—_—— - - AUy au" R
[ 4 [ 4 —— 2 3 3
- U;gi * Uqgi J B [U;gi ¥ Uqgi ] * ai P - [Tliax T
3 Joxy 3 Joxy 1 1 1 J9%q
(d) (e) (f) (9)

Term (a) represents the transport of Reynolds stresses due to the mean motion of the
flow and does not require any modeling at this level of closure. Term (b) represents the
transport of Reynolds stresses due to velocity fluctuations and acts as a diffusive flux for
the Reynolds stresses at high Reynolds numbers where the molecular diffusion will be
negligible. The most widely used model for this term, suggested by Daly and Harlow (Ref.
18), is given as

111 ”"t
p unynyn ¢'5 9 Grgn A 1.3.2)
P U9y sP ;olm ax_ @.3.

where q = LU"U"; is the turbulent kinetic energy and ¢ is the rate of dissipation of turbulent
kinetic energy. Note that the modeled form doesn’t have the symmetry properties of the
triple velocity correlations.

Term (c) in Equation (1.3.1) represents interaction between the mean and fluctuating
motion which leads to exchanges of energy between the mean and the turbulent motion.
This term is referred to as the turbulent production term and requires no modeling at this
level of closure. Term (d) in Equation (1.3.1) is identically zero for constant density flows
but is potentially very important for compressible flows with large pressure gradients, such
as a shocked flowfield or a highly accelerated flow. The model suggested by Rubesin (Ref.
19) for Uy is adopted here. This model is given by

- ~ o
U = -1“ U.gnyn (1.3.3)
(n—l)cpi‘ 3+

where n is a polytropic coefficient (n = 0 for isobaric processes, n = 1 for isothermal
processes, n = cp/cv for isentropic processes, etc.) and Cp s the specific heat at constant
pressure.

Term (e) represents the interaction between the fluctuating pressure gradient and
fluctuating velocity field. It can be divided into two terms.
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(1.3.4)

The first term is interpreted as spatial transport of Reynolds stresses due to the
pressure fluctuations and is lumped with the triple velocity correlations given by Equation
(1.3.2). This pressure-induced diffusion term destroys the symmetric character of triple
velocity correlations and makes the modeled form more appropriate. The combined term is
modeled as

p———
~ qunun
— T —— —_— -— q —~——— i J
- 1] " " 1" ’ + " [ = ’ - " [1] . .
[pUlUin + 5ilujp 6j1Uip | cip : uyor —3;;— (1.3.5)

The second term transfers energy from one component of the Reynolds stress tensor to
another due to collision-like interaction of turbulent eddies. It represents the distribution
mechanism between Reynolds stresses. The modeling of this term for chemically reacting
flows has been considered in detail by Farshchi (Ref. 20). Neglecting the effect of heat
release this model can be given as

au" au" (Cé + 8)

|t ___1~_-§. wgn - 2 ol - —< _2 -
Pllax. " ax | ° C1p~[Uin 3 %349 1 My ~ 3 %447
3 i q
(8c, - 2) ) (30c, - 2) __ (U auj~
11 Biym 38451 - 55 P 3%, Y 3w (1.3.6)

- 20, [(sc2 + 4) — (40c, + 12) .

p 3% 11 iy 55 149
where
M, = -p U"U"igl + U"U"an 1= 2x, . and A, ,= -p U"U"aU + U"U“aUl
i3 i 13x, © 3 Llax )’ 24 i3 RSP S ETY

Term (f) represents molecular diffusion of Reynolds stresses. At high Reynolds
numbers this term is negligible in comparison with the turbulent diffusion term given by
Equation (1.3.5). However, near solid walls and in recirculating regions, where the
Reynolds number is small, this term must be accounted for. It requires no modeling.

-8-




Term (g) is a viscous non-diffusive term which is related to the destruction of Reynolds
stresses by viscous action. It represents transfer of turbulent kinetic energy to thermal
energy by the viscous action. This interaction can take place only at very small scales of
turbulent motion where molecular viscosity has a large role. Since at the small scales
turbulent motion is isotropic, an isotropic model is chosen to represent this term, and it only
effects the normal components of the Reynolds stress tensor. The total rate of dissipation for
a Reynolds stress component is given as

au" oy,
— = — - .7
T4 3%, Ty % 3 €045 (1.3.7)

The quantity denoted by ¢ is the rate of turbulent kinetic energy dissipation by the
molecular viscous action. This quantity can be combined with the powers of the turbulent
kinetic energy to define the time or length scale of the energy containing turbulent
fluctuations. A transport equation for the rate of turbulent kinetic energy dissipation will be
developed here to complete this modeling approach.

The modeled Reynolds stress equation is then given by

aUllU" aU"U"
a__ PRSI d T TN ' _& nen i3 m i j -
st (P UIYY) *+ 5T [(pUlUin) CoPZ U0 5 *H 5%
1 £ m 1l
— JU — U —
2 —_ -— " on J — n " j ”" ap " aP
3Py~ [P U s AU i j 3x,
1 1 i
. — (C, + 8)
— & [[w v 2 ~ 2 2
) (8c, - 2) N (3oc, - 2) _ (30 an
11 ij 7 3 %5 55 P a g g
- aUl (6C2 + 4) W— (40C2 + 12) 5 ~]
P Y 55 131

1

where C; =0.25,C; = 1.5,C, = 0.4, and UTIS given by Equation (1.3.3).



The last unknown remaining in the modelled Reynolds stress transport equation is the
rate of turbulent kinetic energy dissipation, £. An exact transport equation for £ can be
obtained from the Navier-Stokes equations (Ref. 21). A physical interpretation of the
individual terms in £-equation for incompressible flows has been provided by Tennekes
and Lumley (Ref. 22). However, none of the terms in this equation are accessible to
measurement, making modeling of this equation very difficult. A well tested £-equation for
incompressible flow is proposed by Launder et al. (Ref. 23). This equation for variable
density flows, in density weighted form, is given as

~ ~ ~ U
S BE) + X U - S A Ggn]€ 1 - ¢ 5 Egepw 2
7o (Pe) + 5 [(pUge) My *+ Cpp 2 URULIST] = =Cup S UiYs 3%
J £ 1 q
(1.3.9)
- - 25 2(5
..C n £ E + C -; S "U" a Ui a Ui
£2p ~ £3p ~ jm [dx_,9x 9x_0dxX
q j 1 m 1

An exact transport equation for the dissipation rate of turbulent kinetic energy of
compressible flowfields can also be derived (Ref. 24). As expected, such an equation is more
complicated than its incompressible counterpart. However, it clearly suggests the
contributions of the mean velocity divergence and the mean pressure gradient. The mean
velocity divergence term is exact and requires no modeling. It is given as

The mean pressure gradient contribution is modeled as

or B

Xy

C£3

No RN NI
'.l

consistent with a similar term in Reynolds stress Equation (1.3.8).

The final modeled transport equation for the rate of dissipation of turbulent kinetic
energy in compressible flowfields is given as
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—— 3U

a —_ a —_— - - —_ a " ” as — E " ”n i
ot (P9 * 5 [evye) ["613' +Cp 2 U U | 5] = Cpyp 2 VU 5
3 £ q 3
s g 25 2%%

- C£2p et C€3pv < Uij (ax,ax ) dx dx ) (1.3.10)

q £ 3 m 1

- — au

~  p—— — - 3

TR ot i

g (n-1c. T 3% i

p
with

CC = 02, CE] = 128, C€2 = 18, CE3 = 20, C€4 = 10

The system of equations given by Equations (1.3.8) and (1.3.10) establishes a second
order model for Reynolds stresses appearing in the mean momentum equations. There are
seven equations for three-dimensional equations that must be solved simultaneously with
the mean flow variables. Results from application of this model to a round jet hydrogen fuel
will be presented in the next chapter.

1.3.2 Two-Equation Eddy Viscosity Modeling (k-£)

At large Reynolds numbers the molecular diffusive forces are negligible in comparison
to the convective forces, and the momentum equation is a balance between the convective
terms and the gradient of turbulent shear stresses that appear as source terms. The
numerical solution of this form of the momentum equations creates difficulties due to the
lack of diagonal dominance of the matrices created by finite differencing of the equations
(Ref. 25). This numerical integration difficulty plus the large number of equations that must
be solved necessitates development and use of less complex and more numerically stable
turbulence closure models. The turbulent eddy viscosity concept is used to define an
apparent flow viscosity in terms of the mean flow variables and/or turbulent quantities
representing time and length scale of turbulent energy containing motion. Next the
Reynolds stresses are related to the gradient of the mean velocity field through the eddy
viscosity concept (Ref. 26).

~— U, 30 20

p oy |32 j_2 1] 2, -~

-— NI — _ < _ 2z

PUTVY = PV 9x, * ox. 3 i3 ) "3 84 4Pa (1.3.11)

In the k-¢ modeling approach v, is defined as
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(1.3.12)

b
Mt

where Cy =0.09

Transport equations for q and ¢ are obtained, modeled, and solved to define v, at every
point in the flowfield. The modeling of € equation was already discussed and a modelled ¢

equation given by Equation (1.3.10). The Reynolds stresses appearing in Equation (1.3.10)
are replaced by their eddy viscosity model given by Equation (1.3.11). To obtaina modeled
transport equation for the turbulent kinetic energy, q, one can simply contract the (i,j)
indices in Reynolds stress Equation (1.3.8). The resulting equation is given as

d -~ d = =~ _[= ’_é n n) 3q -
it (PR * 5o [(pqu) Boyy + CoP 2 U304) 3% ]
J £ i
(1.3.13)
BU —
" " -~
] j {(n-1)c T ] ] i

Equations (1.3.13)and (1.3.10) along with the auxiliary relation for the Reynolds stresses
given by Equation (1.3.11) and (1.3.12) constitute a k-¢ turbulence model.

It is important to note that the above method of derivation of k-£ equations is based on
the second order turbulence models developed for the Reynolds stress equations and has
the advantage that the same constants as for the second order turbulence model can be used
here. In addition, the turbulent diffusion coefficients in both k and ¢ equations have a
second order tensorial nature, rather than a scalar behavior, and are given by p U'{U'i' q/c.
In a homogeneous turbulent flowfield the eddy viscosity model for Reynolds stresses
reduces to UjUj = %6@ and the above diffusion coefficient reduces to

2

p=é

wl N
m

-i'{,a
13 7 3¢, PVeQiy

which is an isotropic model consistent with models used in traditional two-equation eddy
viscosity models.

The k-£ model, given by Equations (1.3.9) and (1.3.13), is only valid away from solid
walls. To extend the k- turbulence models to wall-bounded flowfields, many models have
been suggested (Refs. 27 and 28). These models are based on the consideration of the
behavior of the turbulent kinetic energy and eddy viscosity near a solid wall. A simple
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Taylor series expansion of the fluctuating velocity components near a solid wall, y =0,
requires that q - y2 and Ve - y3 (Ref. 17, p- 96). To adjust the behavior of turbulent kinetic
energy and its rate of dissipation near a solid wall, sink terms are added to their transport
equations. Next the eddy viscosity is modified to include damping effects due to the
presence of the solid wall. After detailed examination of several of these models, Jones and
Launder Model (Ref. 29) and Chien Model (Ref. 30) were chosen for implementation in the
flow solver.

To present the k-£ equations for both these models in a uniform and compact form, the
normalized Reynolds stress is denoted by §ij = U'i'U'j'/ql which, on using the eddy viscosity
concept given by Equation (1.3.11), can be rewritten as

U
1 2

)
AR
i 1

Equations (1.3.13) and (1.3.10) for turbulent kinetic energy and its rate of dissipation are
rewritten as

3 =~ d ==~ ~ [~ Cs - 3q ~ aai
3t (P + 5—[pUsa - p vyt o vt§ij] ol i TPy
J H 1 J
(1.3.15)
. 1 =~ e .
- pe - v.qg ¢, . — -
(n-1l)c T J 13 ox, E
and
C U
d -~ d == ~  —[~ £ ~ e -~ i
-a—t(Pe) + E—'[pUje -p véij + e Vt§ij Ex_.] = _c€1p8§ij FEN
J H 1 J
(1.3.16)
- & ~ ~ 1 ~ P

-C. fp—-—¢ - £ — +

9 = ~ .

£27° ¢ p &4 (n-1jc 7 3°ij axi
P

c 3%y, %y, 2
E350 [ ][ l]_Z,sz—ax -3
q t jm axjaxl axmaxl 3 i
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The value of the constants and the form of the sink terms are given in Table 1.
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Wit
™

Model C" Ccl cczfe C£3

q
- 3 -
Chien‘s 0.09[l-exp(-0.0115y")] | 1.28 1.3[1.0-%exp(—aef/36)1 0.0 Zy%z ZﬂFexp(—y+/2)

2
2 - [9
Jones-Launder|0.09%exp{-2.5/ (1+.02Ret)] 1.55 2.0[1.0—0.3exp(-Ret)] 2.0 2u 3y ]

TABLE1

with C' =025, C, =02, and C.4=1.0 for both models. The normal distance to a solid surface is
a2

denoted by y and Re, = -i..— denotes turbulent Reynolds number.
VE

- 15 -



The turbulence models described here are intended for use in a supersonic reacting
flowfield and should accurately reflect compressibility effects present in such flowfields.
Except for density-weighted averaging of the governing equation and the mean velocity
divergence terms appearing in the Reynolds stresses eddy viscosity equation, (1.3.14), and
the dissipation equation, (1.3.16), the above models have no means of accounting for the
compressibility and high Mach number effects. The prediction of the behavior of supersonic
diffusion flames is particularly sensitive to the rate of turbulent mixing between the fuel and
oxidizer streams. At supersonic speeds it has been shown that the convective Mach number
of large eddy structures, in the mixing region between the two supersonic streams,
substantially influences the rate of spreading of the mixing layer (Ref. 31). Zeman (Ref. 32)
has introduced the "dilatation dissipation” as the extra compressibility term in the kinetic
energy equation. He used a modeled shock wave structure within the turbulent eddies to
obtain the functional form of the compressibility correction. This compressibility term
contained two new modeling coefficients, one of them being the kurtosis of the turbulence.
Appropriate values of these modeling coefficients were obtained by matching the
computational result with the experimental data for the behavior of free shear layers
presented in Ref. 31. The Zeman model for total dissipation is given as

£ = £(1 + C4F(MY) (1.3.17)
where
M - 0.1,2
l—exp[-—t-—-——— ] if M =2 0.1
0.6 t !
F(Mt) = (1.3.18)
0 7 otherwise
Mt - —Jf_—q and Cd = 0.75 (a is the local speed of sound).
a

€ is obtained from Equation (1.3.16) and £, used in Equations (1.3.15) and (1.3.12) for the
turbulent kinetic energy and eddy viscosity respectively. It is important to note that
dilatation dissipation is functionally dependent on the local turbulent Mach number, M,
and is not explicitly related to the convective Mach number of the large eddy structures in
free shear layers. The application of this model to free and wall-bounded shear flows is
considered in the next chapter.

1.3.3 Zero-Equation Eddy Viscosity Modeling

The lowest level of turbulence modeling can be achieved by expressing the turbulent
eddy viscosity, v,, in terms of the local turbulent time and length scales derived from the
mean flowfield quantities (Ref. 26). Therefore, there are no turbulent quantities to solve for.
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This is the simplest and numerically most stable method of turbulence modeling. However,
the development of these models is highly dependent on the insight of the individual
-modeler, and their application is restricted to the simplest possible flowfields. For more
complex flowfields an ad hoc combination of these models without any degree of
universality is required. The physical insight used to develop these models makes them
very powerful for simple flowfields and impossible to apply to complex ones.

One of the most successful models for wall-bounded shear flows is the Baldwin-Lomax
model (Ref. 33), which is extensively used by many researchers. This model was
implemented in the original version of the RPLUS code (Ref. 34) and does not require any
further explanation. For free shear layers a simple Prandtl mixing length model is used.
The Reynolds stresses are related to the mean velocity gradients according to Equation
(3.11), and the turbulent eddy viscosity is given as

v =C,, a0 6 (1.3.19)

C is set to 0.01 for plane mixing layers and plane jets, and AU is the maximum
velocity difference across the layer. For mixing layers 8 is defined as the distance between
points where the velocity differs from the free stream velocity by 5 percent of the maximum
velocity difference across the layer. For symmetrical flows (jets, wakes), 6 is double the
distance from the symmetry axis to the point at which the velocity differs from the free
stream velocity by 50% of the maximum velocity difference across the layer.

Zero-equation models were used in this work as a baseline model to evaluate the two-
equation model performance for several flowfields. Some of these results will be discussed
in the next chapter.

1.4 Finite Rate Reaction Closure Model

Given a model for Reynolds stresses, EI’J-ITJ-; the modeling of the other turbulent
fluctuation correlations appearing in the averaged governing equations (1.2.4 to 1.2.13) can
be discussed along similar lines. Considering the mean total energy equation, (1.2.7), the
first term to be modeled is the turbulent total energy flux term, pUje;. Using the definition
of total energy this term can be expanded as

P ———
i€t

PUje; = pUSH" + pUUTT; + $p0720; - PO than

To model the first term on the right-hand side of the above equation one can assume (Ref.
17) that turbulent enthalpy fluctuations are caused by velocity field fluctuations and are
dependent on the gradient of the mean enthalpy, such that

h* - -yg» —— (1.4.2)
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therefore

U"h" - USUT 3h_ (1.4.3)
j 371 axg

The coefficient that changes this proportionality to an equality should have the dimensions
of the turbulent time scale. Assuming that the turbulent time scale of the scalar fluctuations
is directly proportional to the turbulent time scale of the velocity fluctuation, q/€, the above
relation can be written as

pu"h*™ C.p q ung" oh 1.4.4
p j - hp - j i 'a_xz (1.4. )
£

with Cy, = 0.36. At the second-order Reynolds stress closure model level this equation
represents a complete closure for the turbulent enthalpy flux term. However, if turbulent
eddy viscosity models are used for Reynolds stresses, then Equations (1.3.11) and (1.3.12)
and the definition of normalized Reynolds stresses can be used to represent the above
equation as

ST = -0 1p V. & 3h_ (1.4.5)
PY3 h P Veliy axg -3

where gy = C, /Gy, Ttis important to note that a simpler, but less general, model of this
term can be presented as

——r -1- ~ ah
Mhtt e o ——
pUjh Prt p vtaij 3%,

(1.4.6)
which is an isotropic subset of the above model where &35 = dij and g}, = Pry is usually set
equal to 0.7. This model is usually used in zero-equation turbulence models.

The second term on the right-hand side of Equation (1.4.1) does not require any
modeling and is provided by one of the turbulence models discussed in Section 3. The
modeling of the triple velocity fluctuation correlations appearing as the third term on the
right-hand side of Equation (1.4.1) was already discussed and is given by Equation (1.3.2)
which can be rewritten as

1-72 cy . 3q
- " " o - - —_—
5 P Uy Uj Cy PV, §ij axi (1.4.7)

The last term on the right-hand side of Equation (1 .4.1) cancels with another term, due to the
pressure-velocity fluctuations correlation, on the right-hand side of the mean total energy
equation, (1.2.7).
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The next term to be modeled in the mean total energy equation, (1.2.7), is
9/ ax(1; ,U") This is the total work done by viscous forces on the turbulent velocity
fluctuatlons, and at high Reynolds numbers it is several orders of magnitude smaller than
the viscous work done on the mean velocity field, 3/ 9x; (rl]U ;). Therefore, it is neglected.

The species conservation equations, (1.2.5), contain the most difficult correlations to be
modeled. Besides the fluctuation flux term,U}Y;,, which is modeled by relating it to the n'
species’ mean mass fraction gradient, there are a number of correlations cre created by the
nonlinear species source terms. These correlations are of the form Y"Yp, TY,, T',..., etc.
There are few experimental determinations of these correlations which prov1de 1n31ght into
their modeling. Equations (1.2.11) and (1.2. 12)’f0\r_the mixture enthalpy and the ideal gas
relation also require determination of h"Y" and T"Y, resp’e_c\tly’ely The modeling approach
taken here is to model the species turbulent flux term, U}Y}, in a manner similar to the

modeling of the turbulent enthalpy flux given by Equation (1.4.5). Therefore

oanyn -1 5y a?n 1.4.8
pUiYn = —O'y th Qij -a'x—j (1.4.8)
where g, = C,/Cy and Cy = 0.36. An isotropic version of this model can also be obtained
and is given by
o L a?n
p U;Y;; = Sct pvt 6ij 3% (1.4.9)
3

where Sc, = oy, = 0.7.

All other correlations in the species source terms, thermodynamic state equation, and
other auxiliary relations are ignored and only mean thermo-chemical values are used in the
calculation. This "laminar like" treatment of the thermo-chemistry aspect of the problem
drastically reduces the complexity of the problem and in effect reduces all scales affecting
the chemical reaction mechanisms to those decided by mean values. With such
simplification one can consider a complex set of chemical kinetics relations, with many
intermediate species and multiple reaction steps (Ref. 34). However, the exponential form
of the chemical source terms makes them very sensitive to the effect of the neglected
correlations. The modeling of the complete set of governing equation (1.2.4 to 1.2.13) for
multi-species turbulent compressible reacting flowfields with finite rate kinetics chemistry is
now completed. These equations can be solved for premixed flames as well as for diffusion
flames depending on the specified initial and boundary conditions.
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1.5 Nondimensionalization

Coordinate axes and all the flow variables in the modeled governing equations can be
non-dimensionalized with free stream flow properties and geometrical dimensions. Such
nondimensionalization is not required for the numerical solution of the equations; however,
it introduces well known nondimensionalized parameters, such as Reynolds number, into
the equations making it easier to compare geometrically similar flowfields. At least two
thermodynamic properties of the free stream are needed to nondimensionalize the flow
variables. Density and temperature are used here.

If the free stream flow variables at the inflow region are designated by < subscript and
the characteristic geometrical length scale of the problem is given by L, then the coordinate
axes are nondimensionalized by L and time is nondimensionalized by L/a_. The
nondimensionalized flow variables are given as:

- U. - - e -~
p=5 Up=g+ P 70 T=mge e =3 b= Y =Y,
et ® pco -] ® auo aeo
Y
N
n
c:p Ev ;_l 13'n K R‘il W:
= R = ‘ = —, D = — == — R =
oo
. v pl ~ —~— LA
T = La T, ov = t; , g= q_2, £ = , and [U;U': = 12:'
pco o ”co pw a u a N a
(-] (- -] - -] [- -]
il
where
N - N -~
a” = RT R =R (¢ Y) c =R (¢ Y)
Yacwcp' o n=1 pnnW' Pm n= pnnm’
cvm= cpw—Rm, Y = cpw/ cvm, D = La_

1. and k_ are molecular viscosity and conductivity evaluated at free stream temperature
and density.
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Introducing;

p_La_ u H w
Reco = [ oo p D oo K cp oo pD

o o0 Co co oo o oo

(here Re_SC_ = 1since D_ =1La,).
The complete modeled and nondimensionalized system of equations is given as
Mass Conservation:

ap a
E-}-_a_;_.. (pUj) 0 (1.5.1)

Species Conservation:

ayY

9 0 -1 n .
spPY) + K[pUan - (Sc_Re ) “p(D &, j+v sC_ o §lj axl - T
(1.5.2)
n = 1, 2,..., N_l
Momentum Conservation:
-a——(U)+—‘3—[UU+a P~ (1,,+7T_ )] =pG (1.5.3)
st PYy g PSS T %4y 13 7 Tty Py "
i=1,2,3
Energy Conservation:
a—(e)+—a-[u +UP -U(T,,+1, ) -
at Pt e PY 8¢ 3 17497 Teyy
-1 1 -1 aT
(PrmRew) -(—)?ﬁ[xéij+cp(ym—l)Prwpvtoh §ij a—xz
(1.5.4)
4q
Re P"‘Sij“"’t K ij]m *
N -1 aY
> 5* Re_ pvt N ij ]=pU 3
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with the auxiliary relations

N
Z Y = 1 (1.5.5)
n=1
- ph + 2pu? + pq - | (1.5.6)
pe, = p sPU; + Pq - P .5.
!
T l
h =h. + [ e, (T)dt (1.5.7)
To n
N
h = Z hnYn (1.5.8) :
n=1 1
P = pRT (1.5.9)
3U.  au, au
T, —Re;l pv—X-'E+FJ-§¢Si. 3;{-1- (1.5.10)
] 3 i 3%y
g (1.5.11)
T = —p[U'U .5.
tij 13y
Ttij
§ = - (1.5.12)
ij Pq

For turbulent eddy viscosity type turbulence models the nondimensionalized shear stresses
are given as

au aU :10}
o [G7g7] = relpv [ j_2 _i -2
p [Uin N Re PV |3 * axi 3 6ij axl 3 6iqu (1.5.13)

where |



V. = Re C (for k-& model) (1.5.14)

t

™ ha

u

or

Ve = ReoocmAUé (for Prandtl-Mixing Layer Model) (1.5.15)

The set of Equations (1.5.1) to (1.5.12) is independent of the level of turbulence closure
model used for Reynolds stresses and can be solved with the second-order Reynolds stress
model, the two-equation k-& model, or the zero-equation mixing layer model discussed in
Section 3. This general form of the mean conservation equations allows development of a
numerical solver for the mean flowfield which is independent of the turbulence model used.
The second-order Reynolds stress model provides nondimensionalized turbulent stresses,
required in Equation (1.5.11), directly. The eddy viscosity turbulence models use Equations
(1.5.13) and (1.5.14) or (1.5.15) to provide the Reynolds stresses. If a zero-equation model is
used, then the turbulent kinetic energy should either be related to the dominant turbulent
shear stress algebraically or its appearance be ignored in all of the preceding equations, with

The normalized k-¢ equations are given by

3 3 -1 -1 aq -1
stPe) + —axj [pqu Re_"p vaij + o, vtéij —axi ] Re “pe
(1.5.16)
dU
i 1 ~ dP -1
TPy g ——— b, = - Re_'S
ij axj (n-1)c T j i3 axi q
i 19
d d -1 -1 de i
at (PE) + axj["uj‘g T RePVEy o, vt§ijJax'i—] = ~CpiPEdy ax,
-1 £ 1 )
- —£ - P — _— 5.1
Re . CeafePqf ~ Coy (n-T)c T U84 ax, (1.5.17)
C aU aU au
-1 €3 i i 2 i -1
Re © —— pvv § [ ][ - Zp€ —— - Re S
Cy t jm axjaxl &xmaxl 3 axi ® g




The nondimensionalized form of the near wall functions, given in Table 1, remain
unchanged when the nondimensionalized quantities are used. The turbulent Reynolds
number is given by Re, = Re2q?/(ve).

The complete set of constants associated with the k-£ turbulence model are given by
ay = C,/Cy. 0n = Cu/Cps Ok = C,/Cs0e= C,/Ce, with C,=09,Cy= Cy, = .36, C; = .25,
C, = .2, and those give in Table 1.

The complete two-dimensional expansion of the mean conservation equations and k-£
equations and their respective flux Jacobians are presented in Appendix A.

1.6 PDF Combustion Closure Model

The complexities of physical phenomena in a turbulent chemically reacting
compressible flow suggest that there is no one method of modeling superior in all
applications. Depending on the nature of the time scales involved in the chemical reaction
and the flowfield, an appropriate approach may be to design models that are best suited to
the particular physical circumstances under consideration. However, ideally one is looking
for a comprehensive approach that would lead to simpler models in extreme cases. A
hybrid stochastic modeling technique is introduced here as a general approach for the
modeling of such problems. This modeling technique couples the time-averaged
compressible flow equations with a probability density function formulation for the
chemical reactions. The advantage of this method is that it treats chemical source terms and
the state equations in a turbulent flowfield consistently, and more accurately, than standard
approaches.

The basic idea behind the hybrid stochastic model is to solve the time- averaged mass,
momentum, and energy conservation equations with standard numerical methods and
obtain the chemical reaction solution from a stochastic model, instead of solving the time-
averaged species conservation equations. This method’s requirements can be summarized
as follows:

(a) A PDF model for chemical reactions.
(b) Two-equation or higher order turbulence model for the flowfield.
(c) A coupling between mean flowfield and thermo-chemical variables.

A general PDF transport equation model will provide a detailed analysis of ignition,
flame holding, and blow out and will predict NOX formation (Ref. 11). However,
development of an advanced PDF model, which requires a lot of CPU time for the solution
of the PDF transport equation, should be based on the insight obtained from simpler PDF
models. In this section, an assumed PDF reaction model for supersonic turbulent diffusion
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flames will be developed. This model is a special case of the general hybrid stochastic
model.

1.6.1 Reaction Mechanism

The assumed PDF reaction model developed here is based on the shifting equilibrium
reaction mechanism (Ref. 9). This reaction mechanism requires a very fast rate of chemical
reaction, which results in elimination of chemical source terms and the effect of large
temperature fluctuations on them. In flow regions where it is known that the rate of
reaction is very fast, and mixing controls the reaction process, this model along with an
adequate turbulence model can accurately predict the flowfield. The mixing process and the
transport of all species are represented in terms of the transport of a single conserved scalar.
There are several scalar variables which are conserved in a chemical reaction and can be
used as a basis for describing the mixing in a nonpremixed reacting flowfield. The mass
fraction of a given element is such a variable. A normalized conserved scalar is referred to
as the mixture fraction. To obtain a transport equation for the mixture fraction from the
species transport equations, the assumption of uniform molecular diffusivity is required
(Ref. 9). This assumption is not generally valid, but in turbulent flowfields the mixing done
by turbulent eddies is several orders of magnitude larger than molecular mixing. Therefore,
one can ignore molecular mixing in this context, to justify this assumption.

1.6.2 Laminar Flow Reaction Closure

Before discussing the role of the PDF model in a turbulent reaction, let us first see how
the shifting equilibrium reaction model and the mixture fraction concept help to simplify
the solution of a laminar supersonic combustion problem. With the shifting equilibrium
model, chemical equilibrium is achieved instantly whenever mixing requires a shift in the
composition. This means the reaction takes place instantaneously as soon as reactants come
together in stoichiometric proportions at the atomic level. Thus the composition of the
mixture at a given point at any particular instant of time is assumed to be the same as if the
mixture were isolated and allowed to come to chemical equilibrium. At this local
equilibrium the reaction takes place at stoichiometric proportions. Therefore given density,
p, internal energy, e, mixture fraction, ¢, and the possible reaction products, one can obtain
temperature, pressure, and species mass fractions using a chemical equilibrium calculation
code such as STANJAN (Ref. 35) or CEC (Ref. 36).

This reaction model eliminates species conservation equations and reduces the set of
transport equations to conservation of mass, momentum, total energy, and mixture fraction.
The solution vector of this set in a two-dimensional case is (p. pu, pv, pe, p¢). Given this
solution vector, pressure, temperature, and species mass fractions can be obtained from a
chemical equilibrium calculation. Since the chemical equilibrium calculation has to be
repeated at every point in space and time, it can be very expensive. However, chemical
equilibrium calculations need only be done once to create tables representing pressure,



temperature, and species mass fractions in terms of density, internal energy, and the
mixture fraction, i.e.,

P =P(p.e9) (1.6.12)
T =T(p.,e,9) (1.6.1b)
Y, =Y;(pe¢) (1.6.1c)

These tables can be used during the flowfield calculation to look up thermodynamic
properties. The above functional relationships depend on the specifics of a physical
problem and the maximum and the minimum values that density and internal energy
attain. To illustrate the form of these multi-dimensional functions, an equilibrium reaction
of pure hydrogen at 300° K with air at 1200° K is considered. Figures 1.1 through 1.3 show
variations of pressure, temperature, and hydrogen mass fraction with respect to normalized
values of mixture fraction and internal energy at a normalized density of one half. Density
and internal energy are normalized by their maximum and minimum values.

1.6.3 Turbulent Flow Reaction Closure

The density-weighted averaged form of the transport equations governing the
behavior of variable density turbulent flows is used to obtain the averaged solution vector
(p, pu, pv, pe,, p9). This averaged solution vector can no longer be directly related to the
thermodynamic results obtained from the chemical equilibrium calculations because
Equations (1.6.1a) to (1.6.1¢) are instantaneous, rather than averaged, relations between
pressure, temperature, and species mass fractions and density, internal energy, and mixture
fraction. Thus, to obtain the mean values of pressure, temperature, and species mass
fractions a closure model is required to relate the statistical averages of these
thermodynamic quantities to the statistical mean values of density, internal energy, and
mixture fraction through the chemical equilibrium relations.

Introduction of the joint PDF of the density, internal energy, and mixture fraction can
bridge the gap between the instantaneous values of these three quantities and the mean
values of the other thermodynamic quantities which depend on them. Let g(p.e,¢) denote
the joint PDF of density, internal energy, and mixture fraction. Then (Ref. 39)
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7 - I , [ P(p,e,8) g(p.e,d) dp de dé (1.6.2a)
000
l] © =
7.l I l IpT(p,e,d’) g(p.e,8) dp de dé (1.6.2b)
Po'o'o
l] ©»
g, - 1 I J JpY(p,e,¢) g(p,e,d) dp de d¢ (1.6.2¢)
Po'o o

The general form of the joint PDF depends not only on flow conditions but also on
chemical reactions and heat release and varies from point to point in the flowfield.
Theoretically, one can obtain this function from extensive experimental measurements or
from direct solution of its transport equation (Ref. 11 & 37). However, both these methods
are quite complicated and expensive in terms of manpower and computer time. Direct
solution of the joint PDF’s transport equation will be discussed in detail in Chapter 4. Here
an attempt is made to represent the joint PDF in terms of known functions of the mean
values of its three variables and the variance of the mixture fraction.

1.6.4 Assumed PDF

The simplest method of developing an assumed form of a joint PDF of three random
variables is to use separation of variables, which is equivalent to statistical independence,
and represent the joint PDF in terms of the product of three independent functions.
However, in a reacting flow p, e, and ¢ are not independent, and it is essential to have a
simple form of the joint PDF that retains the coupling between these variables. Therefore,
the assumed form of the joint PDF should provide for possible single point correlations
between its variables. This means that the assumed joint PDF can not be represented in
terms of three independent functions of the primitive variables p, e, and ¢ (Ref. 38). To
maintain the coupling between the variations of the random variables in the assumed joint
PDF, this function will be expressed in terms of three functions of new primitive variables.
Each of the new variables will be related to the original random variables. Therefore, the
joint PDF can be represented as

gp.e.0) = £,(p") fx(e") £3(9") (1.6.3)

At the present time the goal is to come up with the simplest model that satisfies the
above objectives and is consistent with the models used for subsonic diffusion flames. In
subsonic cases the above joint PDF reduces to a single variable PDF for the mixture fraction
(Ref. 9). A clipped Gaussian distribution or a Beta function has been found to adequately
represent the form of the mixture fraction’s PDF in subsonic diffusion flames (Ref. 15). This
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requires that ¢" be chosen to be identical to ¢. Also, the domain of the joint PDF must be
examined for the feasibility of using a clipped Gaussian or Beta function distribution to
represent f3(¢). Figure 1.4 represents an example of the domain of the joint PDF of density
and mixture fraction. Internal energy has been set to a particular value, since four
dimensional geometry can not be presented on a graph. Itis noted that the mixture fraction
always varies from zero, at pure oxidizer, to one, at pure fuel. However, density ranges
from a minimum value, p1(#), to a maximum value, p,(9), for a given value of the mixture
fraction if a given range of pressures is to be covered. The joint PDF is only defined in this
domain. In this figure it is also noted that if an arbitrary path along a fixed value of density
is chosen, the PDF is not defined for the full range of values of the mixture fraction. Known
functions such as clipped Gaussian or the Beta function are not suitable for the
representation of such forms of the mixture fraction PDF. However, there are other possible
paths along which the mixture fraction PDFs are defined for the whole range of the mixture
fraction values, as shown in Figure 1.5. To obtain a domain in which the mixture fraction’s
PDF is defined for the full range of the mixture fraction values at any given value of density,
a normalized value of density given by

. p - Py

T P, (8 - p (@) (1.6.4)

p

is chosen. Figure 1.6 represents such a domain. Similar normalization of the internal energy
results in transformation of the original joint PDF to the function g(p',e',d’) with the domain

((p'e'9): 0= p 1,0z e <1,0s9<1) (1.6.5)
where

N e - e1(¢) 1.6.6)
e = .0.
e2(¢) - e1(¢)

The new normalized variables are now also dependent on the mixture fraction. Thus,
separation of the joint PDF into three functions of these variables maintains the coupling of
the original variables.

Next, it is assurned that the dependence of the joint PDF on the normalized density and
internal energy can be approximated, to the first order, by Dirac delta functions centered at
the mean of these variables. This approximation is motivated by the fact that the only
known moments related to these random variables are the means of the density and internal
energy provided from solution of the mean flowfield. The Dirac delta function is the only
appropriate choice for the representation of a random variable whose only known moment
is its mean value (Ref. 39). The joint PDF can now be approximated by the following form:

g(p'e’,9) = 8(p - <p">) 8(e” - <e>) £3(9) (1.6.7)
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The function f; must be chosen such that

1 e p
l ’ l g(p, e, ¢) dp de d¢ =1 (1.6.8)
0 e py

It is also suggested that the mixture fraction PDF, f4(¢), be given in terms of a new function,
f(¢), such that

1

= <pe> _ [ .z
¢ = -<—p—;— = ¢f(¢)d¢ (1.6.9)
0

where < > are used interchangably with overbars to denote ensemble average value. This
condition is not required and is only used to simplify manipulations and integrations
required for the determination of density-weighted quantities. The final form of the joint
PDFis given as

* * * *
d(p = <p >) (e - <e >)
(P, (6) = p, (6] Te,(8) - e (6]

* * *
g (P ¢ € ¢) =
(1.6.10)

<p> £(6)

*
<P >1p,(8) - p (8] + p ()

The only remaining task is to choose an appropriate form for the PDF of the mixture
fraction, f(¢). Both clipped Gaussian and Beta functions can be used. Here the Beta
function form is chosen based on the ease of its application. This function is given as

a-1 b-1
£(¢) = ¢ a-9 (1.6.11)

1
] 02711 - 9P ap
(o]

with
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a=6¢ °d -0 _ 4], (1.6.11a)
[ n2
b= (1- 6)[—9§é:§721 - 1] (1.6.11b)
¢n
—
where ¢“2 is the variance of the mixture fraction.

The Beta function takes a variety of shapes depending on the value of the exponents a
and B,Jyhich are dependent on the mean and the variance of the mixture fraction. Given ¢
and ¢"Z, exponents of the Beta function require that the assumed PDF matches at least the
mean and the variance of the real PDF exactly.

The above assumed PDF requires the knowledge of the variance of the mixture
fraction. An equation governing the transport of the mixture fraction variance is used to
obtain its value in the flowfield. This equation will be discussed in more detail in the next
section.

Utilizing the above assumed joint PDF, the mean density and density-weighted mean
internal energy are given as

1

<>t - ] —C a¢ (1.6.12)
o <P >p, = p) * Py

1
- <pe> _ * _ -
B p> l [<e >(e2 el)+e1] f(¢)doe (1.6.13)
0
which reduces to
E = <e'>[‘62 - EI] + El (16133)
where
1
éi(¢) = ] e, (#) f(¢) do i=1,2 (1.6.13b)
0




If ¥(p, e, ¢) denotes any thermodynamic quantity, its density-weighted and unweighted
mean values are given as

1
y = I W(<p*>. <e*>, ¢) £(¢) d¢ (1.6.14)
0

and
1
- <p>

* * -~
y = I Vi<p >, <e >, ¢) — f(¢) d¢ (1.6.15)
0 <P >p, = p)) +p,

1.6.5 Mean Thermodynamic Variables

At this point let us briefly review the procedures for obtaining the required mean
values of a thermodynamic variable from the above assumed PDF model:

Step 1. The values of p.e, 9, and ﬁare directly obtained from the mean flowfield solution,

_— e —

i'e-/ (pr pul p;: BEI Bal ;)-6:25'

Step 2. Given ¢ and ¢"2, the mixture fraction PDF, T(¢), is calculated.

Step 3. Given p and e and using the thermodynamic tables obtained from chemical
equilibrium calculations, <e'> and <p"> are obtained from Equations (1.6.12) and

(1.6.13).

Step 4. Thermodynamic tables are interpolated to determine the desired quantity at <p™>
and <e'>, i.e. t]l(<p‘>, <e'>, 0).

Step 5. Given the above information, Equation (1.6.14) or (1.6.15) is used to obtain the
desired mean of the thermodynamic variable.

1.6.6 Mixture Fraction’s Mean and Variance

A transport equation for the mixture fraction can be obtained from the species
transport equations (Ref. 9). The density-averaged form of this equation is given as

-~ aa
D iIx,
J

-

0 O [55.5 + pomgn] = 2[5
—(p¢) + 3;; pUj¢ + pUj¢ ] axj [p (1.6.16)

Jt
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Consistent with the turbulence modeling approach used in previous sections, it is assumed
that mixture fraction fluctuations are caused by the turbulent velocity field fluctuations and
are proportional to the gradient of the mean mixture fraction. Assuming that the
characteristic time of the turbulent mixing of scalar quantities is that of the turbulent
velocity field, the following model can be presented for the mixture fraction turbulent flux
term

ATINAN = — -1-= Eé
pUi¢ a¢ pvtéij axj (1.6.17)

The modeled nondimensionalized mixture fraction transport equation is then given as

3~ d ~ -1 -1 a9
-a—E(p¢) + 3;{—j[puj¢> (Sc_Re ) p(Dnéij+ vtscmcry §ij)5§—i] 0 (1.6.18)

where a4 = C,/Cy, Cy = 0.36, and D is some average uniform molecular diffusivity in the
flowfield.

An exact transport equation for the mixture fraction variance can be simply obtained
from the instantaneous mixture fraction and is given by

- — — ~
J P u2 d o1 n2 a n.nz - - s nahn a¢
3 (pom*) + 5o [puj¢ + pUye ] 2 V30" 5o
3 j
(1.6.19)
—_— 2
a¢n a¢" d [_~ a¢n
- 2pD + pD ——
axi axi axi axi

There are three terms in this equation that require modeling. A gradjent transport
model has already been given for the mixture fraction turbulent flux, Uj¢", by Equation
(1.6.17). Recognizing the diffusive nature of the triple product correlation term, Ui, a
similar model can be developed for this term by relating it to the gradient of the mixture
fraction variance (Ref. 40). This model is given by

—
S5 - apn’
P U;¢" - -U¢ th §ij axj (1.6.20)

The last term to be modeled is the second term on the right-hand side of Equation (1.6.19).
This term is positive definite and is caused by the molecular diffusive action of the fluid.
The negative sign in front of this term ensures that it only acts as a sink term. At high
Reynolds numbers the molecular effects are only significant at very small scales of the
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motion, and this term can be interpreted as the rate of dissipation of the turbulent scalar
fluctuations. A transport equation can be derived for this quantity by manipulating the
instantaneous mixture fraction equation (Ref. 40). However, the modeling of this equation
for chemically reacting flows is rather complex because of lack of insight into the individual
terms of such equations (Ref. 41). Here a simpler approach is used to relate this term to the
rate of dissipation of the turbulent kinetic energy.

Denoting the rate of dissipation of mixture fraction fluctuations by E¢, a turbulent
scalar field time scale can be defined as

¢n ¢n///[ gﬁ a¢ (1.6.21)
The turbulent velocity field time scale (Ref. 17) is given by
t, = q/€ (1.6.22)

If the scalar fluctuations are caused by velocity field turbulent fluctuations, then the
turbulent scalar field time scale can be directly related to the turbulent velocity field time
scale, i.e.,

te = ¥Cto (1.6.23)

Experiments (Ref. 42) show that the constant C, can vary between 0.6 to 2.4 depending on
the flowfield. Here value of unity is assigned to C,. A model for the dissipation rate of the
mixture fraction fluctuations can now be given as

2
o" (1.6.24)

p —_— =

a¢u a¢u 1
D axl ax EC

g9

Qrlme

Substituting the modeled terms in Equation (1.6.19) and nondimensionalizing it, the
following equation is obtained for the mixture fraction variance transport equation

~ /‘_/
a Il2 a "2 -_— a¢“ -
SEPO") + 5 [pUj¢ (Sc_Re )~ 1o (Ds 14 VeSC. a s, 13 3%, —]
(1.6.25)
~ ~ f-‘-/
-1 -1 9 a6 _ -1 &2
+ 2Re°° U¢ th§ij —;I —;; Re°° Cgpq¢

where 04 = CF/C¢, C¢ =0.36, and Cg =1.0.



Equations (1.6.18) and (1.6.25) provide distribution of the mean and the variance of the
mixture fraction throughout the flowfield and are solved along with conservation equations
for the mass, momentum, and total energy to provide necessary information to determine
all mean thermodynamic variables and chemical reaction products from the PDF
combustion model. Complete expansion of the governing equations for the PDF model in
two dimensions and their flux Jacobians are given in Appendix A. The dependence of the
mean pressure on the mean value and the variance of the mixture fraction are also discussed
in Appendix A in relation to the determination of the flux Jacobians.

This concludes the discussion of the governing equations and modeling approaches
used in this work. Two methods for the calculation of compressible chemically reacting
turbulent flows were presented. The first method is based on the solution of the mass-
averaged Navier-Stokes equations along with chemical species transport equations with
appropriate chemical reaction source terms. The second method is based on the solution of
the mass-averaged Navier-Stokes equations along with mixture fraction’s mean and
variance equations and a PDF model for the determination of the mean thermodynamic
variable and chemical reaction products. A comprehensive discussion of turbulence
modeling for turbulent correlation terms appearing in the governing equations was given.
Turbulence models considered included a second-order Reynolds stress model, a two-
equation eddy viscosity model, and a zero-equation eddy viscosity model. In the next
chapter, application of the above models to several geometrically different flowfields will be
considered.
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CHAPTER 2. NUMERICAL SOLUTIONS AND RESULTS

The major objectives of tasks one and two of this contract were to develop an assumed
PDF chemical reaction model along with an appropriate turbulence model for compressible,
turbulent diffusion flames. Diffusion flames are created when a stream of fuel is injected
into a stream of oxidizer at a different temperature and allowed to mix and react.
Accordingly, there are very large gradients in the values of all flow and thermodynamic
variables at the surfaces where the two streams meet. Physically the turbulent mixing and
molecular transport properties are responsible for smoothing of these very sharp flow
gradients and mixing the two streams to a stoichiometric level where chemical reaction can
take place.

This class of flames is distinguished from premixed flames by their fast rate of reaction,
Le., the reaction between the fuel and oxidizer takes place as soon as they are mixed, at the
molecular level, to a stoichiometric proportion. Reaction of hydrogen fuel with a hot air
stream is an example of such diffusion flames. On the contrary, in premixed flames, the rate
of chemical reaction is so low that the flowfield has ample time to completely mix before
chemical reaction takes place and the flowfield is relatively homogeneous. This means that
in premixed flames the chemical kinetic rates control the reaction and in diffusion flames it
is the rate of turbulent mixing that is the deciding factor for the level of chemical reaction.

To be able to predict the behavior of diffusion flame flowfields, an accurate turbulence
model along with an accurate numerical scheme, which can resolve regions of very sharp
gradients, are required. It was stated in the contract that the PDF reaction model and the
turbulence models developed here, under tasks one and two, should be implemented in the
RPLUS computer program. Therefore, the choice of numerical flow solver was limited to
the RPLUS code. The version of RPLUS code, which was supplied by the NASA Lewis’
Computational Fluid Dynamics Branch, was a research code at its early developmental
stages. The code was designed for the solution of uniform flow of a premixed mixture of
hydrogen and air that ignited as it passed through an inclined shock created by a ten degree
ramp.

It is the conclusion of the present work that the solution algorithm in the original
RPLUS code was not adequate for the solution of diffusion flame flowfields. Therefore,
besides the necessary changes to include a PDF combustion model and turbulence models
into the code, there was a major effort to enable the code to accurately solve for flowfields
with large velocity and scalar gradients in the direction normal to the direction of the mean
flow. The results given in this chapter are organized in a format which highlights the
difficulties encountered in application of this computer program to a variety of free and
wall-bounded shear flows and remedies provided for specific cases. The sequence of case
studies begins with the least complex case of shear layers and advances to cases with more
complexities introduced by large temperature gradients, species gradients, and chemical
reactions. Converged solutions are compared with appropriate experimental results.
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Before presenting the results of the case studies, the original RPLUS code and its
characteristics will be discussed. A summary of major modifications to the original code
will be given and the necessity of each modification will be briefly discussed. Some of the
modifications, related to the turbulence modeling and the PDF combustion model, will be
discussed in more detail later.

It must be pointed out that modifications and improvements to the RPLUS code were
done in such a way that the original capabilities and characteristics of the code were
preserved. Specification of appropriate input parameters causes activation of turbulence
models, combustion models, and geometrical options which were not available in the
original version of the code. Even though this is a very time consuming method of code
development, it provides a self-consistent flow solver which can easily be used for a variety
of flowfields.

2.1 RPLUS Program

The original RPLUS Computer Program (Ref. 34) employed the fully time implicit,
finite volume, lower-upper, symmetric, successive overrelaxation (LU-SSOR) scheme of
Jameson and Yoon (Ref. 43) to solve the coupled two-dimensional Navier-Stokes and
species transport equations. Most numerical techniques used to solve the set of equations
governing chemical reacting flows employ time implicit schemes and require the inversion
of bounded block matrices and become exceedingly expensive when the chemical system
involves a large number of species. The LU-SSOR scheme has the advantage that it requires
only scalar diagonal inversion for the flow equations (continuity, momentum, and energy
equations) and diagonal block inversion for the species equations. The scalar inversion of
the flow equations and the block inversion of species equations are decoupled and take
place in two separate steps. The LU-SSOR scheme has the advantage of a fast convergence
rate while requiring an operational count similar to that of an explicit scheme and hence is
particularly attractive for reacting flows with large chemical systems. A brief explanation of
this method and its advantages are given below.

2.1.1 LU Scheme

The derivation of the LU scheme will be presented for the Euler equations. The final
formulation for the Navier-Stokes equations will be given at the end of the derivation.
Consider the equation

I 2 4 — = § (2.1.1)

A prototype implicit scheme can be formulated as

5Q = -At {D,FQ™) + DyGQ™) - 5™} - 1 - PIAHDFQM + D,G@QY -5 212)
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where §Q = Q™1 - Q" and D, and Dy are difference operators that approximate 4z and 47,
and B is a positive number between 0 and 1. Letting the Jacobian matrices be represented by

JF 2 aG as
a—Q—, B = a—Q, and H 36

A=
the scheme can be linearized by setting
FQ™) =FQY+A 6Q+0(I 1 5Q | 1)
G@Q™) =G(QY +BsQ +0(1 | 6Q 11)2
SQ™1) =SQM + H 8Q +0(1 1 6Q | 1)?2
and dropping terms of second or higher order. This yields
I+ pAt(D,A + Dyﬁ -H)}6Q + AtR =0

where

R = D,FQ" + D,GQ" - 5"

(2.1.3)

Transforming from the Cartesian coordinate system (x,y) to generalized curvilinear

coordinate system (&,n) the above equation can be written as
{I+ pAHD.A + D,B-H)} 6Q + AtR=0
where

A=§x3\+§y§ B=nxﬁ+nyﬁ

(2.1.9)

and ¢£,, §y, Ny and ny are transformation matrices. Next the Jacobian matrices A and B are

given as
A=A"+A and B=B*+B"
where
AT =LA+ v D, A =LA-v,D)
B*=L(B+ vgD, B =1(B- vg)

va=kmax(lisl), vg=xmax(ligl)
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A, and Ag are eigenvalues of Jacobian matrices A and B, and « is a constant greater than or
equal to one. Equation (2.1.4) can be written as

[1+ BAt(vy + vpll] 8Q + [3At{D¢[(A+ +A)8Q] + D,,[(B’r +B)éQ] -

(2.1.5)
(A*-A +B*-B +H) 8Q}=-AtR
Upwind differencing is used based on the sign of the Jacobian matrix, that is,
DA™ + A)6Q] = Dy(A*8Q) + D}(A°8Q) (2.1.6)
D,[(B* + B)8Q] = D;(B*8Q) + Dy(B'6Q) (21.7)
Let
¥8Q = D;(A%8Q) + D,(B*8Q) - A*6Q - B*é6Q-H 6Q
yroQ = D‘E(A'&Q) + D;(B'&Q) +A86Q + B86Q
a=1+ pAt(vy + vp)
Then Equation (2.1.5) can be written as
I+£aty +¥H]6Q=-4'R (2.1.8)
This equation can be factorized to .
(1 +£ aty) L+ £Aty")]8Q =- 3R (219
Equation (2.1.9) is in LU factorized form and can be solved as
[+ £ aty)]sQ* =- 4R (2.1.10a)
[T+ £ atyM]6Q = 6Q* (2.1.10b)

At each level of solution either upwind or downwind operations are performed.

For the Navier-Stokes equations, F and G on the right-hand side of the Equation (2.1.9)
can be replaced by F-F, and G-G,, when F, and G, stand for viscous fluxes. For fully
implicit formulation, g =1, at the limit of large At, Equation (2.1.9) can be reduced to the
following form:

[DIAGi'j' A*i--l,j - B?’jq][(VA + VB)I + A;‘*l,j + B;,j'*l] 6Q = -(VA + VB) R (2111)
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where DIAG; ; = [(v4 + vp)I - H]; ; are (K + 3) x (K + 3) blocks in the diagonal of the matrix
operator. (There are K-1 species and 4 Navier-Stokes equations.)

It is important to note that for nonreacting flows (5=0 and H=0, in Equation (2.1.11))
the present numerical model eliminates the need for banded block matrix inversions
without using the diagonalization procedure. In fact, with forward (for the first operator in
Equation (2.1.11)) and backward (for the second operator) sweeps in the diagonal directions
(indices i,j increasing or decreasing simultaneously), only scalar diagonal inversions are
needed to solve Equation (2.1.11) for nonreacting flow problems. For reacting flows due to
the presence of the source Jacobian H, the first operator on the left-hand side of Equation
(2.1.11) now requires block diagonal inversions. However, since in the present formulation
the flow equations (continuity, momentum, and energy equations) have no source terms,
the first four rows of the diagonal block (DIAG) of this operator have nonzero terms only in
the diagonal. As a result, the first operator of Equation (2.1.11) can be inverted in essentially
two separated steps: the scalar diagonal inversion for the flow equation and the block
diagonal inversion for the species equations.

2.1.2 Finite Volume Discretization and Artificial Dissipation

Approximating the integral form of the governing equations, a finite-volume space
discretization has been developed for the right-hand side of the Equation (2.1.11). The use
of a finite-volume method for space discretization allows one to handle arbitrary geometries
and help avoid problems with metric singularities that are usually associated with finite-
difference methods. The scheme reduces to a central-difference scheme on a Cartesian grid
and is second-order accurate in space, provided the mesh is smooth enough.

It is important to point out here that the experience gained by the use of several
different kinds of grids suggests that the RPLUS code is very sensitive to grid spacing and
the gradual stretching of the grid cells. The stretching must be such that the change in the
sides of adjacent cells in each direction would not be more than ten percent. This may be
due to the space discretization method used for the viscous flux terms on the right-hand
side of Equation (2.1.11). This method is not exactly consistent with the finite-volume
approach for nonuniform meshes. Investigation of this problem was outside the scope of
this work and, due to time limitations, it was not pursued.

Using a central difference scheme for calculating flows with discontinuities or very
sharp gradients typically produces flowfield oscillations in the neighborhood of
discontinuity. To suppress the tendency for decoupling between odd and even points and
to prevent nonphysical overshoots near regions of very sharp gradient, artificial dissipation
models are added to the differenced equations. The original RPLUS code employed a
nonlinear mixed explicit second and fourth order dissipation model with isotropic
coefficients. To illustrate this dissipation model the numerical balance of the inviscid flux of
each cell is written as
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(Fi*“/z,j - Fi"/z:i + Gili""/z - Gi;i"/z) - (di""/z:i - di-‘/z ,j + di:.r"‘/z - diri"/z) (2112)
where d is the dissipation flux. For the sake of simplicity d;,, , ; is denoted by dj,.,,- then
dipy, = €82) Qi - Qi) - eld) (Qi2-3Qi1 +3Qi- Qi) (21.13)

The third order terms are due to fourth order differences and provide for high frequency
background noise damping. The first order terms are due to second order differences and
are only used near shock waves activated by a pressure jump sensor defined by

1Py = 2Py * Byl |
Ty "1 . +2p, +2, .1 (2.1.14)
141 1 Y B

where P is the pressure. The coefficient of the first order terms is proportional to the
pressure jump sensor through the following relation

(2) 1
e mky @y, pEm T mRT L, T T T ) (21028)

where r(A) and r(B) are the spectral radii of Jacobian matrices. The coefficient of the third
order terms is switched off by the pressure sensor and is given as

(@)

(4)
€ +1/2 ] €i+1/2

1
sy, = Max|0s Ky 5 [z + r(B) (2.1.16)

i+,
In the 7 direction the index i is replaced with j in Equations (2.1.13) to (2.1.16).

The use of spectral radii of both Jacobian matrices A and B in the scaling factors results
in an isotropic smoothing. This means that even if the spectral radius of the A Jacobian
matrix is small, the artificial dissipation in the ¢ direction may be large due to a large value
of the spectral radius of the B Jacobian matrix. In order to reduce the amount of unwanted
dissipation, especially in the direction normal to the body surfaces inside boundary layers,
an anisotropic dissipation model was added to the present version of RPLUS code. This
model has the same structure as the original model, discussed above, except for the scaling
factor. In the ¢ direction Equations (2.1.15) and (2.1.16) are replaced by

Egl/)z =Ky I'(As)i,“/2 max (Ti+2’ Ti-ﬂl Ti' Ti_l) 2.1.17)
eft) =max(0, kg r(A),,, - €i3.)) (2.1.18)

In the n direction, the index i is replaced with j and the spectral radius of the B Jacobian
matrix, r(B), is used. This directional artificial dissipation model produced better results
than the original model, as shown in the next section. However, it was still incapable of
providing an overshoot free solution for nonreacting supersonic mixing layers with large

-40-




temperature gradient. This made the use of a total variation diminishing (TVD) scheme
imperative.

A survey of the literature indicates that even though TVD schemes are well developed
for single species nonreacting flowfields, the development for multi-species reacting flows
with large source terms is still a topic of ongoing research (Ref. 45, 46, and 47). Therefore, it
was decided that since the LU-SSOR scheme decouples the solution of the Navier-Stokes
equations (continuity, momentum, and energy) from the solution of the rest of the scalar
(species) equations, it is possible to use a TVD scheme for the first four components of the
solution vector, i.e, p, pu, pv, and pe,, and use a directional second and fourth order
artificial dissipation model for the scalar (species) equations as discussed above. The flux
difference split dissipation model, which is based on the concept of Roe’s characteristic-
based scheme, is used here (Ref. 45). This model creates characteristic fields corresponding
to different wave speeds. The dissipation flux is then given as

di+'/2 = %Ti‘H/z 'Ai+1/z l T-i'}“lz (Ql+l - Ql) (2'1‘19)

where T and T-! are similarity transformation matrices and A is a diagonal matrix whose
elements are eigenvalues of the flux Jacobian matrix A. In the n direction j replaces i and
corresponding transformation and eigenvector matrices for the matrix B are used.

The present version of the RPLUS code provides the option of using either a TVD
model or a directional explicit second and fourth order dissipation model for treatment of
overshoots in profiles of p, pu, pv, and pe,. The scalar equations, which are the species
equations for the finite rate chemistry closure model and the mean and the variance of the
mixture fraction for the PDF closure model, are still treated with a directional second and
fourth order dissipation model. The solutions of k and ¢ equations are also treated with a
directional second and fourth order dissipation model. The use of the second and fourth
order dissipation model for the scalar equations and the k-& equations is the biggest
obstacle in obtaining converged and physical solutions for the diffusion flame reacting
mixing layer and ramp flows with large ramp angles.

2.1.3 Turbulence Models

The algebraic eddy viscosity turbulence model of Baldwin-Lomax (Ref. 33) with
constant turbulent Prandtl and Schmidt numbers (Pr, = Sc, = 0.9) was used to account for
turbulence in wall-bounded flows in the original version of the RPLUS code. This is a zero-
equation turbulence model and only captures the increase of flow diffusivities due to
turbulent mixing. Therefore, except for the modified diffusion coefficients, the governing
equations were identical to their laminar counterpart. On the other hand, the Baldwin-
Lomax model was developed for wall-bounded flows and is not applicable to free shear
layers, such as mixing layers, jets, and wakes. Therefore, a zero-equation Prandtl mixing
model (see Chapter 1) was added to the RPLUS code to broaden its range of applicability to
different flow regimes at the zero-equation level of turbulence modeling. Implementation of
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this model did not require any change in the structure of the code. A subroutine was added
to provide turbulent eddy viscosity for free shear layers. Depending on the number of solid
boundaries at the top and bottom of the domain of solution (zero, one, or two), an
appropriate subroutine is called to provide the turbulent eddy viscosity.

The implementation of the k-£ model into the RPLUS code involved several major
changes. The first step was to solve for the transport equations of the k and &. These
equations are coupled together and are solved independent of the mean flow equations at
each solution iteration. After the solution of the mean flow variables a call is made to the
master k-£ subroutine which provides turbulent Reynolds stresses, kinetic energy, eddy
viscosity, and time scale for use in the mean flow equations at the next iteration. To solve
the k and ¢ transport equations, the implicit, finite volume LU-SSOR scheme was used.
However, for the sake of clarity, subroutines exclusive to the k-£ equations were developed
for this purpose.

The second step was to include the appearance of the turbulent kinetic energy,
Reynolds stresses, and nonisentropic turbulent eddy viscosity into the mean flow governing
equations. It can be seen from the mean turbulent flow equations presented in section five
of chapter one and in Appendix A.1, that the state equation, inviscid and viscous flux
vectors and their Jacobians are all effected by these turbulent quantities. Therefore, the
turbulence effects are fully felt by all the flow and thermodynamic mean variables. All these
changes are fully implemented in the present version of the RPLUS code. Unlike zero-
equation models, k-€ model is a universal model and can be applied to any flowfield with or
without solid boundaries, provided appropriate boundary conditions are used. Near wall
correction terms for k and ¢ equations are automatically set to zero for free shear layers
with no solid walls.

2.1.4 Chemical Reaction Models

The original RPLUS computer program was equipped with a nine-species, eighteen-
step chemistry model for hydrogen-air reactions (Ref. 48). The species included Hy, O, OH,
H,0, H, O, HO,, H,0,, and N,. The molecular properties, such as specific heat, thermal
conductivity, and viscosity of each species were determined by fourth order polynomials of
temperature. The specific heat of the gas mixture was obtained by mass concentration
weighting of each species. The thermal conductivity and viscosity of the mixture were
calculated using Wilke’s mixing rule (Ref. 49). The binary mass diffusivity between two
species was obtained using the Chapman-Enskog theory in conjunction with the Lennard-
Jones Intermolecular Potential Functions (Ref. 49). The diffusion of a species in the gas
mixture was approximated by Fick’s Law (Ref. 50), treating each species and its
surrounding gas as a binary gas mixture. All these features are preserved in the present
version of the RPLUS code.

The sum of mass fractions of all species at any point in time and space should add up
to unity. This equality reduces the number of species equations to be solved by one.
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Therefore, a nine species finite rate chemistry model requires the solution of only eight
species transport equations. This brings the total number of equations to be solved, in a
two-dimensional geometry, to twelve. The original RPLUS code automatically solved for
twelve transport equations regardless of number of species actually present in the mixture
and the presence of any chemical reaction. After the determination of the twelve
component solution vector, the code proceeded to calculate the mixtures’ mean
temperature, pressure, speed of sound, and species’ enthalpy and molecular properties.

The assumed PDF combustion model requires the solution of transport equations of the
mean and variance of the mixture fraction, in addition to the mean flow equations
(continuity, momentum, and energy). Hence, it requires the solution of only six transport
equations in a two-dimensional geometry. After the determination of the six-component
solution vector, the present version of the RPLUS code proceeds to calculate the reaction’s
mean species mass fraction, temperature, pressure, and density, by integrating the Beta
function PDF, over appropriate equilibrium reaction thermodynamic tables, for each of the
above thermodynamic variables. As a consistency check, the mean density is recalculated
from the table integration method and compared with the mean density given by the
solution vector. These two values of the mean density, obtained from different approaches,
must be equal within a small error tolerance. If this consistency check is not verified the
calculation stops with an error message.

The determination of the mean thermodynamic variables, after the solution vector
determination for a given chemical reaction model, is properly channeled to an appropriate
set of subroutines depending on the chemical reaction model used. A number of new
subroutines were added to the program to deal with determination of the mean
thermochemical variables in the PDF reaction model case. These subroutines are
independent of the originally existing subroutines and are only called upon if the PDF
combustion model is chosen by specification of an appropriate parameter in the input file.
Therefore, except for the use of the main solver subroutines with a reduced solution vector
size, there is not much overlap between the solution procedures for the two chemical
reaction models.

The main solver subroutines in the RPLUS code have been modified such that it is now
capable of solving:

(@) Four Navier-Stokes equations in the case of uniform species composition,
nonreacting flowfields.

(b) Four Navier-Stokes equations plus mixture fraction mean and variance
equations in the case of PDF model hydrogen/air diffusion flame.

(c) Four Navier-Stokes equations plus eight species equations in the case of
nonreacting flows with nonuniform species composition, or diffusion or
premixed reaction between hydrogen and air.
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These modifications were implemented by changing the solution vector size and
modifying the calculation logic of the inviscid and viscous fluxes and their Jacobians. Care
was taken in implementing these changes to avoid degrading the code’s vectorization
properties by not introducing any IF statement in any of the main solvers’ DO loops.

21.5 Boundary and Initial Conditions

The original RPLUS code was designed for single feed premixed flows with uniform
velocity, temperature, pressure, and chemical composition across the inflow plane. There
was no provision for parallel injection of any kind of fluid into the flowfield. Solid
boundaries were used at the top and the bottom of the flowfield. The uniform inflow
velocity profile combined with the no slip boundary condition on solid boundaries created
leading edge shocks at the top and bottom of the inflow region. Even though these
conditions were all valid, they were not appropriate for free and wall-bounded diffusion
flame cases under consideration.

In order to accommodate a variety of flow conditions the RPLUS program was
changed to allow for the following conditions:

(@) Two parallel streams with different properties at the inflow boundary. In
this case Mach number, temperature, static pressure, and species mass
fraction of each stream is read in from the input file. Pressures at two
streams are usually matched. The inflow species composition at each
stream can be made up of one or a combination of the following species;
oxygen, nitrogen, hydrogen, and/or water. There is a symmetry plane at
the bottom boundary and freestream boundary conditions at the top
boundary. Both inflow and outflow streams are completely supersonic. To
reduce sharp discontinuities at inflow regions between the two incoming
streams an error function smoothing can be used for the streamwise
component of the velocity, temperature, and species mass fractions.
Smoothed values along with uniform static pressure are used to determine
density and total internal energy. This smoothing corresponds to
consideration of a mixing layer downstream of its splitter plate.

(b) Same as the above case except each stream is assumed to be on one side of a
splitter plate. The inflow streamwise velocity profiles on each side of the
splitter plate are calculated using the 1/7 power law, given the supersonic
boundary layer thickness on each side of the splitter plate. Next,
temperature, density, and total internal energy are calculated assuming
constant static pressure and total enthalpy. This inflow specification
corresponds to consideration of boundary layers just upstream of the -
splitter plate tip.




In both above cases, turbulent kinetic energy and its dissipation rate at the inflow plane
are calculated using the eddy viscosity concept, the streamwise velocity inflow profile, and
a multiple of the molecular viscosity.

(c) Uniform species composition with supersonic boundary layer profile for
velocity on an adiabatic wall at the bottom boundary. Here the flow
Reynolds number at the inflow plane is used to obtain the velocity profile.
Assumption of constant static pressure and total enthalpy provides
temperature, density, and total internal energy. Turbulent kinetic energy
and its dissipation rate at the inflow plane are obtained using the law of the
wall for compressible boundary layers.

(d) Combination of cases (a) and (c) for wall jets.

(e) The original uniform premixed inflow profiles. For uniform premixed cases
specification of the equivalence ratio with a value greater than 10
overrides species compositions’ input values. Species mass fractions are
then calculated in the program and set uniformly across the inflow region.

(f)  For diffusion flame cases with the PDF formulation, the mean mixture
fraction is set to one at the fuel inflow and zero at the oxidizer inflow. The
mixture fraction variance is set to zero at the inflow.

In general, inflow streams are always supersonic; therefore, upstream boundary
conditions are provided by specifying the velocity, temperature, static pressure, and species
mass fractions as discussed above. At the supersonic outflow boundary, the dependent
variables are extrapolated from the interior. However, for wall-bounded flows, the static
pressure at the outflow boundary is specified for grid points inside the wall boundary layers
where the flow is subsonic. Along solid walls, no slip boundary conditions are specified
and the wall is assumed to be adiabatic. The normal derivatives of pressure and species
mass fractions are also assumed to be zero. Along a plane of symmetry, the normal
derivatives of all the dependent variables are zero, except for the v component of velocity,
which is set to zero. The turbulent kinetic energy and normal derivatives of its rate of
dissipation are set to zero along solid boundaries. In all cases, the flowfield variables are
initialized to their inflow values.

2.2 Supersonic Free Shear Layers

This section is devoted to two-dimensional, supersonic free shear layers with large
streamwise velocity, temperature, and species gradients at the inflow plane. The gases used
are air, with 24.1% oxygen mass and 75.9% nitrogen mass, in the temperature range of
300°K to 1200°K, and different mixtures of hydrogen and nitrogen in the temperature
range of 300°K to 450°K. Considering the mixing layer geometry shown in Figure 2.1, one
can generally define the velocity ratio, r, between the two streams as the freestream velocity
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of the slower moving stream divided by the freestream velocity of the faster moving stream.
The density ratio, s, is defined as the freestream density of the slower moving stream
divided by the freestream density of the faster moving stream. Mixing layer convective
Mach numbers with respect to each stream are defined as (Ref. 31)

M_ =-— (2.2.1a)

and

M = —— (2.2.1b)

where u, and a, are freestream velocity and speed of sound propogation in the faster
moving stream. Similarly u, and a, are freestream velocity and speed of sound in the
slower moving stream. u. is the speed of convection of the large structure eddies in the
mixing layer and is defined as

c

1/2
-1+ rs’ (2.2.2)

1.
1+ s?

o

with r = u,/u; and s = p,/p;. If the ratio of specific heats in the two streams are equal, i.e,
¥1= Y2 then

M =M _ =M (2.2.2)

and

a.u + a_.u
u_ - 21 . 12 (2.2.4)
b W

In all cases considered, the inflow velocities are all supersonic and static pressure is
matched between the two incoming streams and set to 1.013 x 10° Nt/m2. Depending on
the velocity and temperature ratios and the convective Mach number between the two
layers the incoming mixing layer may remain a mixing layer in the solution domain, or it
may develop into a two-dimensional jet or wake. The flow exits the outflow boundary with
supersonic speed. Therefore, all dependent variables at this plane are extrapolated from the
interior points. The symmetry boundary condition is used at the bottom boundary, and
nonreflecting boundary conditions are used at the top boundary. The numerical grid used
for most of these flows is an 80 x 55 clustered grid, with clustering around the splitter plate
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location in the normal direction and near the inflow plane in the longitudinal direction
(Figure 2.2). The domain dimensions are normalized to a height of 1.0 and length of 4.2
with the height of the inner stream channel set to 0.1

2.2.1 Solution Overshoots and Artificial Numerical Dissipation

To show the overshoots, caused by the use of the isotropic second and fourth order
artificial dissipation model used in the original RPLUS code, the simplest possible mixing
layers are considered here. In the first case, a mixing layer between two airstreams is
considered. The top layer’s Mach number is 1.86 at the freestream temperature of 450°K.
The bottom layer’s Mach number is 1.46 at the freestream temperature of 450°K. Since the
two streams are at the same temperature and static pressure, they have the same density
and speed of sound propagation. Therefore,

p u, M M -M,

2 2
S.E-ll r-q-M—l-OJBS, and Mc- 5 = 0.2

Three different calculations were performed, and in each case, three thousand
iterations were made on a CRAY Y-MP computer. In the first calculation, the isotropic
artificial dissipation model, which was used in the original version of the RPLUS code, was
used. The dissipation coefficients used for this case were those recommended by the
original RPLUS code, i.e., Ky = 52 and k4 = '64‘4” (see Equations (2.1.15) and (2.1.16)). In the
second calculation, the directional artificial dissipation model was used with the same
dissipation coefficients as above. In the third case, the TVD scheme was used.

To highlight the effect of the artificial dissipation models and eliminate any other
sources of instability and numerical overshoots, no turbulence model was used, but instead,
the molecular viscosity of the streams was increased by a factor of one hundred. The
convergence history and the CPU time for all three cases are shown in Figure 2.3. All three
cases have similar convergence curves and are fully converged. The profiles of the
streamwise velocity components, u, along the normal direction, y. at several downstream
stations are displayed in Figures 2.4a, 2.4b, and 2.4c. There are large overshoots and
undershoots associated with the artificial dissipation models, as can be seen in Figures 2.4a
and 2.4b. These overshoots are present at every downstream location and do not go away
as one moves away from the inflow plane. Instead they have a wave-like behavior as they
move downstream. the isotropic model creates much larger overshoots and slightly more
spreading of the mixing layer. The TVD scheme not only provides an overshoot-free
solution, it also creates the least amount of numerical diffusion as can be seen by visual
inspection of the level of spreading of the mixing layer in these three cases. The only
drawback of the TVD scheme is the almost doubling of the computational time required for
the calculation of the flowfield, as noted in Figure 2.3. This is a small price to pay for an
accurate solution.
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There was a suspicion that the reduction of the very large gradient of the streamwise
velocity component at the inflow plane may help reduce the large overshoots observed in
cases where second and fourth order artificial dissipation models were being used. To test
this idea an error function was used to smooth the streamwise velocity component and
reduce its gradient at the inflow plane. The solution obtained for the mixing layer with a
smoothed inflow velocity and utilizing an isotropic artificial dissipation model is presented
in Figure 2.4d. The overshoots are still present in a major portion of the solution field and
the inflow smoothing has just helped to reduce the overshoots occurring near the inflow
plane. The solution convergence history is very similar to the previous cases shown in
Figure 2.3 and is not shown here.

Having established the presence of the overshoots in the absence of any turbulence
models, it was important to observe the effect of different turbulence models on the flow
solution and the related solution overshoots. Therefore, the elevated molecular viscosity
was reduced to its actual value and a Prandtl mixing turbulence model, given by Equation
(1.3.19), was used in the calculation of the same mixing layer with all three methods of
numerical dissipation. The Prandtl mixing turbulence model used here was slightly
modified to suit the unsmoothed inflow streamwise velocity profile in the following three
test calculations. The mixing layer thickness, 8, used in this turbulence model, was
redefined as the distance between points where the streamwise velocity differs from the
freestream velocity by one percent (insteady of five percent) of the maximum velocity
difference across the layer. This modification provides a slightly larger turbulent viscosity .
and creates a more rapid spreading of the mixing layer. Since the following three test cases
are only used to show the effect of the artificial numerical dissipation schemes and not the
accuracy of this turbulence model, the above modification is unimportant. In latter
applications of the Prandtl mixing turbulence model, the original definition of &, given in
Section 1.3.3, is always used.

Figures 2.5a, 2.5b, and 2.5¢ show the streamwise velocity profiles obtained from these
calculations. These results display the same trend as before, with the isotropic artificial
dissipation model creating the largest overshoots and the TVD scheme producing no
observable overshoots. The use of the Prandtl mixing turbulence model has two notable
effects, the first one is the disappearance of the wave-like behavior of the overshoots.
Therefore, the overshoot magnitude is decreasing as one moves toward the outflow plane
region, such that there is very little overshoot at downstream stations near the outflow
plane. The second effect is the lack of solution convergence for cases which do not use the
TVD scheme. Figure 2.6a shows the convergence history of L, density residual for the
isotropic artificial dissipation model. Large residual oscillations appear after 1,500
iterations. The convergence history of the directional artificial dissipation model is also
oscillatory and very similar to the above case; large residual oscillations appear after about
1,500 iterations. The TVD scheme produces a properly convergent solution as shown by
Figure 2.6b.
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Based on these results, the TVD scheme was chosen over the second and fourth order
artificial dissipation models for the rest of the calculations. However, since the TVD scheme
is only applied to the continuity, momentum, and energy equations a second and fourth
order artificial dissipation model still needs to be used for the scalar transport equations.
Therefore, there was an effort to develop methods which would minimize the level of
overshoots caused by the second and fourth order smoothing model. The usual method of
achieving this goal is by a simple trial and error method of changing the model coefficients
for each specific case under consideration. However, there are some observations that apply
to most cases considered. The fourth order dissipation model is responsible for damping
the high frequency noise, produced by the numerical solution, at points away from the
regions of steep flow variable gradients. Large choices of its constant result in a rapid
solution convergence. On the other hand, the magnitude of this constant is directly related
to the magnitude of the solution overshoots. These observations point to the reduction of
the fourth order model constant and increase of the second order model role. Unlike the
static pressure jump across a shock wave, the static pressures across the contact surface of
two mixing layers are matched and there is not a physical pressure jump to activate the
second order dissipation model across a mixing layer. To increase the role of second order
dissipation terms several models were tested. These smoothing techniques included:

(@) Use of total pressure as well as static pressure to activate the second order
smoothing terms. This model was not appropriate for more complex
flowfields where both shock waves and mixing layers coexisted in the
solution domain. It also created too much diffusion for simple mixing layer
cases.

(b) Starting the numerical solution with a very small amount of the fourth order
dissipation term and a small amount of the second order dissipation term
throughout the flowfield and independent of the pressure jump condition,
then slowly reducing the amount of the second order dissipation terms to
zero as the number of iterations increase. This method made the solution
blow up in most cases for which it was used.

() Replacing the fourth order dissipation term by a second order term whose
coefficient is a function of the fourth order derivative of the local variables.
Therefore, the second order dissipation term would damp out the high
frequency numerical noise at points away from the regions with steep flow
variable gradients. This method resulted in slowly converging or
nonconverging solutions with unexpectedly large diffusion in some regions
of the flowfield.

Due to lack of success in developing a more accurate and generally valid numerical
dissipation model for the scalar transport equations, it was decided to use the traditional
directional second and fourth order dissipation model with the smallest possible coefficient
of the fourth order term that provided a convergent numerical solution.
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2.2.2 Mixing Layers with Uniform Species Composition

In this section, calculation results for turbulent supersonic free shear layers with
uniform species composition are presented. The TVD scheme is used for the solution of the
Navier-Stokes equations, and the directional second and fourth order artificial dissipation
model is used for the solution of the k- transport equations. The objective is a close
examination of the prediction capabilities of the k-£ and the Prandtl mixing turbulence
models and comparison of their results with experimental data. The effects of streamwise
velocity ratio, r = up/uy, density ratio, s = p,/pq, and convective Mach numbers on the
spreading rate of supersonic mixing layers are considered. Predictions of Reynolds stresses
by the k-¢ turbulence model are compared with the experimental results.

The application of the k-¢ turbulence model to the supersonic mixing layer discussed
carlier, i.e., s = 1, r = 0.785, and M = 0.2, produces a fully converged solution with no
nonphysical solution overshoots. Figure 2.7 shows the convergence history of this case. The
80 x 55 clustered grid, shown in Figure 2.2, was used. The physical domain of solution has
the height of H = 10 cm. and length of L = 42 cm. The splitter plate is located at the height of
h=1cm. The coordinate axes are normalized with the height H. The calculation was
performed on the NAS CRAY Y-MP computer and took about 0.4 CPU seconds per
iteration. The same flowfield calculation using the Prandtl mixing turbulence model, which
does not require solution of any transport equations for the turbulence model, takes about
0.3 CPU seconds per iteration (see Figure 2.6b). The k-& model constants are those given in
Table 1, when the contributions due to the solid wall effects are set to zero. Due to the small
magnitude of the convective Mach number, M, the Zeman's extra compressibility term
was not used with the k-& model. -

The k and ¢ inflow profile was based on the inflow profile of the normalized mean
streamwise velocity which was smoothed using an error function. The variation of the
normalized mean streamwise velocity in the two-dimensional solution domain is shown in
Figure 2.8a. The velocity components are normalized with freestream speed of sound
propagation in the top stream. Figure 2.8b presents the profile of the streamwise velocity
along the normal direction, y, at several downstream locations. In Figure 2.8, normalized
mean streamwise velocity is plotted as a function of the similarity variable n = (y - yJ)/ &,
where y is the local cross-stream coordinate and y, is the cross-stream coordinate location
where u = 0.5(u; - uy) + uy, and & is the mixing layer thickness as defined in Section 1.3.3.

For mixing layers the vorticity thickness is defined by

lu, - u,l
1 2
& w —— (2.2.5)
o  (du/oy) ..



where (3u/dy),, is the maximum slope taken in the linear region of the mixing layer.
Figure 2.9 shows that the calculated vorticity thickness §,(x) increases linearly after an
initial development phase. The spreading rate of a mixing layer can be given in terms of the
rate of change of the vorticity thickness, 8,,(x), with respect to the longitudinal direction, x.
Based on experimental results of Brown and Roshko (Ref. 51) this spreading rate is a
function of several flow parameters and can be expressed as (Ref. 31)

6!/ = '—}—(-— - f(r,s,—, M ) (2.2.6)

Since the specific heat ratio, y, usually changes from 1.4 to 1.7, the effect of y,/y; is assumed
negligible in comparison to the other parameters. For incompressible mixing layers, M, is
zero and the above functional relationship reduces to

5,,0 = f(r,s) 2.2.7)

Papamoschou and Roshko (Ref. 31) have used experimental data to develop the following
equation

50 = 0.0gsil7E)(1¥s)

©,0 1 + 3% (2.2.8)

The mixing layer under consideration has r = 0.785 and s = 1, therefore, the above equation
results in §;, 5 = 0.0205. The numerical solution of the flow equations, using a k-€ turbulence
model, results in §;, = 0.0208, which is only one percent larger than the above experimental
value obtained from Equation (2.2.8). The absence of the convective Mach number effect is
expected in this case, since according to Bogdanoff (Ref. 52) these effects are negligible for
M = 0.35.

To gain some quantitative insight into the predictive capabilities of the k-& turbulence
model used in the calculation of the above mixing layer, the turbulent eddy viscosity and
Reynolds stresses predicted by this model can be examined. Figure 2.10 presents the
distribution of the nondimensionalized turbulent eddy viscosity in the solution domain.
The predicted turbulent eddy viscosity has reached a value almost 500 times larger than the
freestream molecular viscosity within the mixing layer, and smoothly approaches zero
outside the mixing layer.

At the k-¢ turbulence modeling level, the Reynolds stresses can be obtained from
Equation (1.3.11). Square roots of the normal Reynolds stresses, u"? and v"2, are normalized
by the velocity difference across the mixing layer and are referred to as streamwise and
lateral turbulent intensities respectively. Similarly, the Reynolds stress, u"v" is normalized
by the square of the velocity difference. The ratio of this normalized Reynolds stress by the
product of turbulent intensities is referred to as the turbulence correlation coefficient. All
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these quantities, obtained from the calculation of the above mixing layer, can be compared
with the recent experimental results of Goebel et. al (Ref. 53). The experimental results are
for the case of r = 0.79, s = 0.76, and M, = 0.2, which is very close to the case studied here.
The comparisons are made at the downstream location of x = 400 mm. The comparison of
the calculated similarity profile of the normalized streamwise velocity with the
experimental data is shown in Figure 2.11a. Figure 2.11b displays the comparison of the
calculated and experimental values of the Reynolds stress. Although the calculated result
captures the general shape of the Reynolds stress, it is consistently smaller than the
experimental values by about 25% in the middle of the mixing layer. This difference
reduces near the mixing layer edges. The comparison of the streamwise and lateral
turbulent intensities is shown in Figures 2.11c and 2.11d, respectively.

The k-£ turbulence model predicts almost identical lateral and streamwise turbulent
intensities, whereas physically these two components are quite different. The experiment
shows that the maximum value of the streamwise turbulent intensity is almost 42% larger
than the maximum value of the lateral turbulent intensity. Similar behavior is also reported
by Samimy and Elliot (Ref. 54) for a variety of mixing layers. It is interesting to note that in
spite of such considerable differences between the calculated and experimentally obtained
values of the individual components of the Reynolds stress tensor, the mean streamwise
velocity profile (see Figure 2.11a), and the spreading rate of the mixing layer are so well
predicted. Comparison of the predicted and e,)iggrimentally obtained values of the
turbulence correlation coefficient (u"v")/ @D (v, is presented in Figure 2.12. This
quantity represents the general structure of the turbulence in the mixing layer. Figure 2.12
indicates that the k- turbulence model does a relatively good job in predicting the behavior
of the general turbulence structure, even though it is not very successful in predicting the
behavior of the individual components of the Reynolds stress tensor. This is the reason
behind the relative success of the k-& model in predicting the global features of this
flowfield.

To examine the effects of freestream densities on the prediction capability of the k-£
model a supersonic mixing layer between two air streams with the following characteristics
was considered:

M, = 1.86, T, = 1100°K, P, = 1.013x10° Nt/m?
and
M, = 1.46, T, = 450°K, P, = 1.013x10° Nt/m?

The speed of air in the top and bottom streams is 648.77 m/s and 423.56 m/s,
respectively. Therefore, r = 0.51, s = 2.4, and, according to Equations (2.2.1) and (2.2.2),
M, = 0.55. Figure 2.13 shows the convergence history of this case. As shown by this figure
the solution residual drops by almost five orders of magnitude in 4000 iterations and the

solution is considered fully converged. However, it does not drop as low as the residual of
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the uniform density case, Figure 2.7. The same grid as in the previous cases was used for
this case. An error function was used to smooth the inflow temperature and streamwise
velocity component profiles. Figures 2.14 a, b, ¢, d, and e show the calculated profiles of the
nondimensionalized temperature, streamwise velocity, turbulent eddy viscosity, turbulent
kinetic energy, and turbulent kinetic energy dissipation rate, with respect to the crossflow
direction, at several downstream stations.

The convective Mach number for this case is large enough to cause considerable
compressibility effects. However, the k-¢ turbulence model used for the calculation of this
case does not include the Zeman'’s extra compressibility term in the turbulent kinetic energy
equation discussed in Section 1.3.2. This exclusion was made to study the density effects on
the basic k-£ turbulence model and to assess the performance of other compressibility terms
in the k and ¢ transport equations. Figure 2.15 displays the linear increase of the calculated
vorticity thickness §,,(x) in the downstream direction, at the rate of 8, = 0.0545. The
experimental spreading rate for an incompressible mixing layer with s = 2.44 and r = 0.51 is
obtained from Equation (2.2.8). This relation results in &, = 0.0585 for the present case.
The experimental ratio of a compressible spreading rate to its incompressible counterpart, at
the same r and s, can be obtained from Figure 17, page 473 of Reference 31. This figure
shows that for M, = 0.55, §,/8,,9 = 0.77. Therefore, the compressible spreading rate for
r=051,s =244, M = 0.55, and with &, = 0.0585 is found to be &, = .045. The spreading
rate predicted by the k-£ model is 22% larger than the expected experimental value. If the
compressibility effects are ignored, then the predicted spreading rate is 6% smaller than the
incompressible spreading rate, é, 9. On the other hand, if the density ratios, s, is set to one
in Equation (2.2.8), then

8 =0.17 21— %

w,0 l1+r (2.2.9)

and for r = 0.51, &, = .0552 which is very close to the predicted spreading rate. This result
clearly indicates that numerical solution of the mixing layer with the k-& turbulence model,
without Zeman's correction, can only account for the spreading rate caused by the
freestream’s velocity ratio r. Furthermore, the freestreams’ density ratio effects as well as
the supersonic compressibility effects are not captured. However, it must be noted, in this
case, that the density ratio contribution is about 6% and almost negligible. For a range of
moderate density ratios (0.5 s s s3.0) with velocity ratios close to one (0.5 s r 51.0), the k-¢
turbulence model has difficulty accounting for the small contributions of the density ratio,
as can be seen from Figure 2.16. However, for very small and large density ratios, the k-&
model crudely follows the experimental trend.

To examine the predictive capabilities of the Prandtl mixing turbulence model and the
basic k-¢ turbulence model, without Zeman'’s dissipation correction, for supersonic mixing
layers with convective Mach numbers between 0.2 and 1.5, a series of calculations were
performed. In all these cases the top and bottom stream temperatures were set to 450°K, so
that s = 1 and the speed of sound would be the same in both streams. The convective Mach
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number was varied by changing the stream’s Mach numbers at the inflow plane. Static
pressure was kept uniform across the two streams. All of the supersonic mixing layer
calculations were fully converged and resulted in self similar streamwise velocity profiles
(Figure 2.17). The vorticity thickness growth rate results indicated that both of these
turbulence models are incapable of predicting the compressibility effects on supersonic
mixing layers. For both models, the mixing layer spreading rate was only a function of the
streamwise velocity ratio, r. In fact, the k-& model’s predictions very closely followed the
incompressible mixing layer’s spreading rate, given by Equation (2.2.8), as can be seen in
Figure 2.18. Moderate changes in the value of compressibility-related constants in the k-£
turbulence model, i.e., n, cg3, and c,4, did not result in any favorable outcome. The Prandtl
mixing turbulence model predicted slightly less spreading at higher convective Mach
number, but it is not clear if this behavior is due to a favorable response to the convective
Mach number increase or an incorrect prediction of spreading rate at smaller velocity ratios.
Nevertheless, the reduction in spreading rates at high convective Mach numbers was too
small to be of any significance.

Next, Zeman'’s dilatation dissipation model, as given by Equations (1.3.17) and (1.3.18),
was added to the k-¢ turbulence model and used to calculate the same set of uniform
density supersonic mixing layer cases. The vorticity thickness growth rates obtained from
these calculations were normalized by the incompressible vorticity thickness growth rates
obtained from Equation (2.2.8) at the same streamwise velocity ratios and withs =1. The
results are compared to the experimental data of Bogdanoff (Ref. 52) in Figure 2.19. From
this figure it can be seen that Zeman'’s correction produces a considerable and sudden drop
in the vorticity growth rate for convective Mach numbers larger than 0.2, while the
experimental results indicate a slow, gradual reduction for convective Mach numbers less
than 0.5. Also, the rate of reduction of the growth rate is much faster than the experimental
results and the growth rate levels off at a much lower value than that suggested by the
experimental results. Figure 2.20 shows the calculated and experimentally (Ref. 55)
obtained maximum values of the Reynolds stress as a function of the convective Mach
number. Here the calculations, using the Zeman dilatation dissipation model, predict
smaller and more rapidly reducing maximum Reynolds stress for increasing convective
Mach numbers. This trend is consistent with the large vorticity growth rate reduction
discussed above, since as the Reynolds stress reduces, so does the mixing layer growth rate.
Therefore, it can be concluded that even though Zeman’s correction model produces the
general trends, it fails to compare favorably with the experimental results. The application
of this model to wall jets and other wall-bounded flows results in solution blow-ups or
nonphysical turbulent quantities predictions. This leads to the conclusion that this model is,
at best, restricted to free mixing layers, for which it was designed, and is not universal
enough to be used in complex flowfields.
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2.2.3 Hydrogen-Air Mixing Layers without Chemical Reaction

In this section, mixing layers between a supersonic stream of hydrogen fuel at
moderate temperature and a supersonic stream of high temperature air are considered.
Physically, such streams go through a chemical reaction process after the turbulent and
molecular mixing processes bring the mixture to a stoichiometric proportion. However, the
intention of this section is to explore the accuracy of the numerical solver and the turbulence
models when applied to turbulent supersonic mixing layers with nonuniform species
composition. Therefore, the chemical reaction process is artificially switched off by setting
all chemical source terms, in the species transport equations, equal to zero. The numerical
solver must now solve for several species mass fraction transport equations in addition to
the Navier-Stokes equations and k and ¢ transport equations for the turbulence model. As
discussed in Section 2.1.2, the flow solver in the present version of the RPLUS code uses a
TVD scheme for the integration of the Navier-Stokes equations and a central differencing
method, plus a directional second and fourth order artificial numerical dissipation model
for the integration of the species equations and the k-£ turbulence model transport
equations. The 80 x 55 clustered grid shown in Figure 2.2 is used here.

The top stream of the supersonic mixing layer considered here was air at Mach number
of 1.86, temperature of 1100°K, and pressure of 1.013 x 105Nt/ mZ. The bottom stream was
pure hydrogen fuel at Mach number of 1.46, temperature of 450°K, and pressure of
1.013 x 10° Nt/m?. At these inflow conditions, the air stream’s speed of sound propagation
was 648.77 m/s with a specific heat ratio of 1.33. The fuel stream'’s speed of sound was
1612.77 m/s with specific heat ratio of 1.4. This resulted in freestream velocity ratios of
I = Uyir/Ugyer = 0.51 and density ratio of s = Pair/ Psyel = 5-86. Using Equations (2.2.1a),
(2.2.1b), and (2.2.2), the convective Mach numbers of the large structure eddies with respect
to the two streams can be obtained and are given as M ¢ ) = 0.504 and M_,; = 0.517. The
slight difference here is due to the difference between freestream specific heat ratios. Except
for the nonuniform species compositions, the controlling parameters for the above mixing
layer, i.e., s, r, M, and M,, are not very different than the previously studied case of air
streams with large temperature difference (see Figures 2.13 through 2.15). Since that case
was predicted with a relative degree of success, it was expected that reasonable results
could be obtained for the present case. However, contrary to expectation, the solution for
the nonuniform species composition case presents several major problems and inaccuracies.
The cause of these inaccuracies can be directly traced to the effect of the second and fourth
order artificial dissipation model used for the species transport equations, and the creation
of large overshoots in the cross-stream profiles of the species mass fractions. Such
overshoots result in distorted temperature and pressure profiles. Before presenting the
solution of the above flowfield, using a k-¢ turbulence model, it should be noted that the
application of the Prandtl mixing turbulence model, with a turbulent Schmidt number of
0.7, results in a solution with an oscillatory residual. The only way to get rid of the residual
oscillations is to increase the turbulence model coefficient, Cp, (see Eq. (1.3.19)), by at least
60% to the value of 0.0162. This reinforces the previous observation (see Section 2.2.1 and
Figure 2.6a) that the Prandtl mixing turbulence model results in a nonconverging solution
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when used with the second and fourth order artificial dissipation model for the solution of
any averaged transport equation.

Figure 2.21 presents the convergence history of the solution of the above air/hydrogen
mixing layer with a k-¢ turbulence model. The density residual drops by about two orders
of magnitude after about 1600 iterations and decreases very slowly afterwards. In Figure
2.22a oxygen mass fraction variations in the whole solution domain are shown, indicating
overshoots on the air stream side throughout the flowfield. To provide a closer look, the
oxygen mass fraction profiles at several downstream locations are shown in Figure 2.22b. It
can be clearly seen that there are large overshoots of more than 10% of the maximum
allowable level of oxygen mass fraction in the airstream side. The levels of overshoots and
undershoots are directly related to the magnitude of the fourth order artificial dissipation
coefficients. Due to the absence of any supersonic shock in this flowfield, the second order
artificial dissipation term does not play any role here, and its coefficient, k, in Equation
(2.1.17) is set to zero. The presence of the fourth order artificial dissipation term is essential
to maintain stability and dissipate high frequency noise in the inviscid portion of the
flowfield, outside the turbulent mixing layer. However, it must be much smaller than the
physical viscous terms in the mixing layer region. This appears to be the case for most of
the flowfield except at the edges of the mixing layer, where the physical viscous terms tend
to become very small and the fourth order artificial dissipation terms can become locally
large and create the overshoots and undershoots in the profiles of the flow variables being
solved for. To minimize this problem, the coefficient of the fourth order artificial dissipation
term, k4, in Equation (2.1.18), must be chosen large enough to be effective in the inviscid
region and small enough to cause minimum overshoots at the mixing layer edges. Trialand
error experimentations indicated that the value of k4 = 1/128is needed to dissipate high
frequency numerical noise in the inviscid region of the flowfield. Unfortunately, this value
is not small enough to prevent the occurrence of overshoots at the mixing layer edges.
Hence, distorted species mass fraction profiles are obtained, which in turn result in distorted
temperature profiles as shown by Figure 2.22c.

The effect of the smoothing of the temperature and species mass fractions at the inflow
plane was examined by use of an error function to provide smoothed profiles at the inflow
plane. However, this could not prevent the occurrence of the overshoots and merely shifted
the location of the maximum overshoots as shown in Figures 2.23a and 2.23b. The basic k-&
turbulence model without any modifications of the model constants was used for these
cases. The Zeman’s extra compressibility term could not be used with these cases. This
model produced such small turbulent diffusivities for species mass fraction equations, with
Sc, = 0.7, that the solution blew up. This reconfirms the previous conclusion about the lack
of universality of this model for complex supersonic flowfields.

-56-



2.24 Hydrogen-Air Mixing Layers with Chemical Reaction

In the previous chapter it was shown that the present version of the RPLUS code is
incapable of producing an accurate solution for mixing layers between supersonic streams
of high temperature air and moderate temperature hydrogen fuel. It was argued that the
fourth order artificial dissipation model, needed for the solution of species transport
equations, causes nonphysical overshoots in the cross-stream profiles of the species mass
fractions. This problem, in a more accurate form, is also present in the chemically reacting
cases. In this section the PDF combustion closure model and the finite rate reaction model
are considered for the calculation of chemical reactions between an air stream at 1100°K and
a hydrogen-nitrogen fuel stream at 450°K.

The top stream of the supersonic reacting mixing layer considered here was air at Mach
number of 1.86 and pressure of 1.013 x 10° Nt/mZ. The bottom stream was a mixture of
48.2% hydrogen and 51.8% nitrogen at Mach number of 1.46 and pressure of 1.013 x 10°
Nt/m?2. At these inflow conditions the air stream’s speed of sound was 648.8 m/s with
specific heat ratio of 1.33. The fuel stream’s speed of sound was 1162 m/s with specific heat
ratio of 1.4. This resulted in freestream velocity ratio of r = u,;, /ug, = 0.71 and density
ratio of s = p,;./ Priel = 3.0. The convective Mach numbers of the large structure eddies with
respect to the two streams are given as M ¢, = 268 and M_,;, = .273. The slight difference
is due to the difference between freestream specific heat ratios and one can assume
M fuel = Mcair = 0.27.

To compare the performances of the finite rate reaction model and the PDF reaction
model, they were both applied to the flowfield described above. The k-¢ turbulence model
without any modifications to its modeling constants was used for all calculations presented
here. Figures 2.24a and 2.24b show the convergence history of the flowfield’s solution for
the finite rate reaction model and the PDF reaction model respectively. In neither case does
the solution result in a low level of residual after 3,000 iterations. Smoothing of the solution
variables at the inflow plane, the use of the Prandtl mixing turbulence model, or the increase
of the fourth order artificial dissipation coefficient did not produce a converged solution
with a low level of residual for any of the reaction models. In fact, some of these changes
caused the solution to blow up. The finite rate reaction model residual curve initially
displays large amplitude oscillations. However, after 2500 iterations, declining high
frequency oscillations with small amplitude set in. On the other hand, the PDF reaction
model residual curve displays low amplitude oscillations with the amplitudes declining as
the number of iterations increase. However, the magnitude of the residual increases
steadily and appears to level off, after 2700 iterations, to an unacceptable value. Therefore,
the residual curves for both reaction models indicate severe problems with the solution of
the flowfield.

Since there are no shock waves in the flowfield, there is not sharp local jump in the

pressure values and the second order artificial dissipation model is not activated. To get rid
of the high frequency numerical noise in the far field solution, the minimum value required
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for the fourth order artificial dissipation coefficient, k4, is 1/128 for the PDF reaction model
and 1/32 for the finite rate reaction model. In the PDF formulation artificial dissipation is
used for the solution of the mixture fraction’s mean and variance transport equations. In the
finite rate reaction formulation, the artificial dissipation is required for the solution of the
species transport equations. The fact that k4 needed for the finite rate reaction formulation
is four times larger than what is needed for the PDF formulation may be due to the
exponential source terms appearing in the species transport equations.

Unfortunately, the fourth order artificial dissipation causes large overshoots in the
cross-stream profiles of the air and fuel species mass fraction, producing nonphysical
behaviors. Figure 2.25a shows the oxygen mass fraction’s cross-stream profiles at the inflow
plane and at x = 350 mm downstream of the inflow plane predicted by the finite rate
reaction model. The overshoot in the magnitude of the oxygen mass fraction, at this
location, is about 30% larger than the maximum value allowable. Even though the oxygen
mass fraction behavior is completely incorrect, the water mass fraction and the mean
temperature profiles (see Figures 2.25b and 2.25¢) are relatively trouble free, except for their
sharp approach to the freestream air values at 0.23 = y/H s 0.25. However, the velocity
components and pressure field are strongly affected by these nonphysical behaviors and a
useless solution is provided. The effect of the fourth order artificial dissipation model on
the PDF reaction model is to create overshoots in the mean mixture fraction cross-stream
profiles. Here again the predicted water mass fractions and mean temperature profiles
appear to follow the expected trends. Figure 2.26a shows the nondimensionalized mean
temperature cross-stream profiles at the inflow plane and at the downstream location
x = 350 mm. The value and the cross-stream location of the maximum temperature
achieved in the reaction, as predicted by the PDF reaction model, are slightly lower than
those predicted by the finite rate reaction model and the trends are very similar. However,
the maximum value of the water mass fraction predicted by the finite rate reaction model is
about 50% larger than that predicted by the PDF reaction model as can be seen by
comparison of Figures 2.25b and 2.26b. Since none of the reaction models produced a
completely accurate and converging solution, no attempt was made to compare the mean
temperature and the reaction product’s mass fraction with experimental results.

A close look at the mean temperature and water mass fraction profiles predicted by the
PDF reaction model reveals that, unlike the finite rate reaction model predictions, the
approach to the freestream air values is very smooth. However, the approach to the
freestream fuel values is quite bumpy. The cause of this bumpiness goes to the heart of the
problem created by the fourth order artificial dissipation model. As explained earlier in
Sections 1.6.4 and 2.1.4 the PDF reaction model obtains the mean value of thermodynamic
quantities and species mass fractions in the flowfield by constructing the probability density
function of the scalar mixture fraction and integrating this function over appropriate
thermochemical domains obtained from chemical equilibrium reaction calculations. The
construction of the mixture fractions’ probability density function is based on the mean and
the variance of the mixture fraction obtained from their transport equations. Since the
central differencing scheme is used for the spatial integration of these transport equations,
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the fourth order artificial dissipation model is added to get rid of high frequency numerical
noise created at the far field. Therefore, the overshoots created by the fourth order artificial
dissipation in the mean mixture fraction cross-stream profiles affects the calculated value of
all of the thermochemical quantities. The values of the mean mixture fraction are bounded
by one in the pure fuel stream and zero in the pure oxidizer stream. Therefore, in the case
presented here, the mean mixture fraction, ¢, is one in the hydrogen-nitrogen stream and
zero in the air stream. Since values larger than one and smaller than zero are not allowed,
these limits must be enforced if there are any over- or undershoots in the solution of the
mean mixture fraction. In the RPLUS code a transport equation is solved for the quantity
pé. Figure 2.26¢ presents the cross-stream profiles of the p¢ at the inflow plane and two
downstream planes. The overshoots observed here result in similar overshoots in the
profile of the mean mixture fraction, ¢. The truncated cross-stream profiles of the mean
mixture fraction are presented in Figure 2.26d. The processes of eliminating mean mixture
fraction overshoots, near the inflow plane, result in the creation of exaggerated oscillations
in its downstream profiles. These oscillations are then reflected in the prediction of the
cross-stream profiles of the thermodynamic quantities and species mass fractions, as can be
seen in Figure 2.26a and 2.26b.

The results presented in this section indicate that, regardless of the chemical reaction
model used, the present version of the RPLUS code is incapable of providing an accurate
solution for any type of parallel fuel injection diffusion flame. This conclusion is consistent
with the results presented in previous sections. The detailed consideration of a series of
mixing layer calculations presented in this chapter strongly points to the method of spatial
integration of the scalar transport equation in the RPLUS program as the main source of this
problem. This problem can be removed by the use of an upwind integration scheme.

It is clearly impossible to assess the accuracy of the supersonic PDF reaction model on
the basis of the results obtained from the present version of the RPLUS program because of
inherent inaccuracies of the RPLUS program. However, the comparison of the PDF reaction
model results with those of the finite rate reaction model, and the presence of consistent
solution trends, indicate that the supersonic PDF reaction model presented here should be
pursued further after improving the numerical integration scheme of the RPLUS program.

2.3 Supersonic Wall-Bounded Shear Layers

The prediction capabilities of the present version of the RPLUS program for wall-
bounded supersonic shear flows are examined in this section. Supersonic turbulent flows
over a flat plate with zero axial pressure gradient and compression ramps are investigated.
The range of freestream Mach numbers considered was from one to seven and the Reynolds
number, based on the length of the streamwise direction, ranged from 3.8 x 10° to 1.2 x 107.
In all cases air at 318 °K with real gas properties was used as the working fluid. No slip,
adiabatic wall conditions were assumed for all solid surfaces. Detailed discussion of inflow,
outflow, wall, and far field boundary conditions used in the calculations can be found in
Section 2.1.5. As explained in the previous chapter the present version of the RPLUS code is
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equipped with Jones-Launder (Ref. 29) and the Chien (Ref. 30) versions of the low Reynolds
number k-¢& turbulence model, in addition to the Baldwin-Lomax (Ref. 33) zero-equation
turbulence model. Jones-Launder and Chien turbulence models were developed for
incompressible wall-bounded flowfields with moderate temperature and density variations
across the flowfield. Chien’s model uses the normal distance from a solid wall to account
for the near wall effects. On the other hand the Jones-Launder model’s low Reynolds
number correction terms are not explicitly functions of the normal distance from a solid
surface and are more attractive for complex flowfields where solid surfaces at different
angles to the mean flow direction and regions of separated and recirculating flowfields are
present. In this model, the low Reynolds number effects are accounted for through the use
of a local turbulent Reynolds number (see Table 1 in Section 1.3.2). This method of
accounting for the near wall effects appears to cause large inaccuracies in the prediction of
high Mach number supersonic flows over an adiabatic flat plate. In these cases, the density
variation becomes very large across the boundary layer, with a very large gradient near the
wall. The local turbulent Reynolds number used by the Jones-Launder model is affected by
these density variations, whereas the Chien’s model is not greatly influenced. Due to this
inadequacy of the Jones-Launder model, this model’s results are not discussed any further
and the results presented are those of Chien’s model. The use of the Zeman dilatation
dissipation term for wall-bounded flows results in negative values of turbulent kinetic
energy close to the wall and cannot be used in its original form, for these flowfields.

The use of a low Reynolds number k-¢ turbulence model makes it possible to integrate
the turbulence model’s transport equations all the way to the wall and avoids the use of
turbulent wall functions (Ref. 17). However, a very fine grid spacing is required to capture
the large gradients of turbulent quantities in the near wall region. Letting 7., Py, and py,
denote shear stress, density and dynamic molecular viscosity at the wall, the friction
velocity can be defined as u' = (1,/p,)"2. Using this friction velocity, the normal distance
from the wall can be normalized as y* = yp,,u*/ i, This quantity represents a highly
stretched normal distance from the wall such that for a turbulent boundary layer the
laminar sublayer is at about y* s 7, inertia regionis at 7 s y* = 30, and the outer edge of the
boundary layer is typically at y* - 1000. To properly resolve the near wall region, a layer of
nodes at the distance y* <1 is needed. Therefore, a stretched mesh is used to reduce the
number of grid points used in a calculation. It has been observed that the RPLUS code does
not perform well when the stretching between two adjacent cells is more than ten percent.
Therefore, for a given freestream Mach number and Reynolds number at the inflow plane, a
smoothly varying stretched grid is generated with the first node layers away from the wall
at y* < 1. Figures 2.27a and 2.27b show the grid for a flat plate supersonic flow with
M_ =3.0 and Re_=2.5x 106. The height of the domain is H = 0.02 m and its length is
L = 0.10 m. Coordinate axes are normalized by the height of the domain. To check the
solutions’ grid dependence, the number of grid points were increased by a factor of two. In
all flat plate cases considered here, the doubling of the grid points caused the calculated skin
friction to change by less than one percent and solutions were considered grid independent.
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Figure 2.28 shows the convergence history of the solution of a turbulent supersonic
flow over a flat plate with inflow freestream Mach number, M_, = 3 and Reynolds number,
Re_ = 2.5 x 10%. Chien’s low Reynolds number k-¢ turbulence model is used for this
calculation. The density residual drops by three orders of magnitude after 3500 iterations
and it gradually decreases, indicating a converged solution. The turbulent kinetic energy
residual curve and kinetic energy dissipation residual curve follow a similar pattern as the
density residual curve. The comparison of the calculated mean streamwise velocity profile
with the experimental results of Laderman (Ref. 56) and Robinson et al (Ref. 57) is shown in
Figure 2.29. This figure indicates that the calculated results compare well with the
experimental data. The second Crocco-Busemann (Ref. 58) relation between static
temperature and streamwise velocity for an ideal gas compressible boundary layer on an
adiabatic flat plate with zero pressure-gradient is given as
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where Pr is the Prandtl number and Cpis the specific heat at constant pressure. Figure 2.30
shows the calculated variation of the mean static temperature with respect to mean
streamwise velocity across the boundary layer. The theoretically expected variation of
temperature with respect to the streamwise velocity obtained from the second Crocco-
Busemann relation is also shown in this figure. The comparison indicates a good agreement
between the calculated results and the theoretical relationship, especially as one approaches
the wall. The deviation of the predicted results from the Crocco-Busemann relation is
caused by the fact that the recovery factor, defined as

r = 2¢,(T,, - T)/u2

is assumed equal to the Prandtl number in the Crocco-Busemann relation. The predicted
recovery factor is 0.85, which is 13% larger than the value of the Prandtl number, Pr = 0.75.
The experimental results of Laderman (Ref. 56) indicate that the recovery factor for the
above case is about 0.907, which is 6% larger than the predicted value, and 21% larger than
the value of the Prandtl number. Other experiments (Ref. 58) also indicate that the recovery
factor is approximately equal to (pr)!/3. Therefore, the predicted result is closer to the
experimental results.

u* represents the mean streamwise velocity normalized with the friction velocity. The
u* profile versus y* for M, = 3 boundary layer is given in Figure 2.31. The incompressible
boundary layer velocity profile given by u* =y* for y* - 10, and u* = 2.5 In y* +5.5 for
y* > 10 is also shown in the same figure. Experiments (Ref. 19) indicate that in the wake
region of the turbulent boundary layer the supersonic u* values fall below the
incompressible values at the same y* location. However, the difference displayed in Figure
2.31 is much larger than the expected drop. This behavior can be explained by examination
of the calculated skin friction values, defined as

-61-



- T
£ 1’2 p woUoo

Figure 2.32 presents the calculated skin friction values for a range of freestream Mach
numbers at the location where Re, - 107. The calculated value at M_, = 3 is about ten percent
larger than the experimental value (Ref. 56). Such a small difference can not produce the
observed behavior in the u* profile. However, comparison of the calculated supersonic skin
frictions normalized with the incompressible skin friction with the theoretical formula
proposed by Van Driest (Ref. 59) (see Figure 2.32b) indicates that there are large differences
between the calculated and theoretical normalized skin frictions. The differences reduce
substantially as the Mach number increases. However, at M, = 3 there is about 25 percent
difference between the predicted and theoretical results. Recalling that u* =u/u*, whereu*
is the friction velocity, one can see that the large value of the predicted ratio of compressible
skin friction to incompressible skin friction, results in the small values of the u* observed in
Figure 2.31.

For the case of M__ = 3.0 the predicted total shear stress is normalized by the wall shear
stress, and its distribution across the boundary layer is compared with the experimental
results of Laderman and Demetriades (Ref. 60) in Figure 2.33a. As can be seen in this figure,
the predicted magnitude and cross-stream variation of this quantity are in good agreement
with the experimental results. In Figure 2.33b the M, = 5 shear stress distribution and the
Sandborn (Ref. 61) best estimate curves are also shown. The prediéted shear stresses at
M_ = 3 are slightly below the Sandborn curves, whereas the values for M, =5 are
consistently larger and closer to the Sandborn best estimate curves.

Next, to evaluate the accuracy of the k-¢ turbulence model used in the calculation, the
predicted turbulent quantities are compared with the available experimental results.
Figures 2.34a and 2.34b show the streamwise and transverse velocity fluctuations for M_ =3
case. Velocity fluctuations are defined as

u = (un'_),)l/2 and V' = (vn2)1/2

The predicted results are compared with the experimental results of Laderman and
Demetriades (Ref. 60) and Robinson et al (Ref. 57). Clearly, the most important shortcoming
of the k-¢ turbulence model is the isotropic nature of this model. The model predicts very
similar values and distributions for the streamwise and transverse velocity fluctuations in
the boundary layer. The predicted locations of peak values of these quantities are very close
to the experimental values; however, the magnitude of the peak values are underestimated
by about 25 percent. The transverse velocity fluctuations are in good agreement with the
hotwire measurements across the turbulent boundary layer except close to the wall region.
On the other hand, the streamwise velocity fluctuations are overpredicted by about ten
percent across the boundary layer, except close to the wall, where they are underpredicted
by 25 percent. The experimental results (Ref. 60) indicate that the streamwise velocity
fluctuations rapidly decrease with increasing freestream Mach numbers. The streamwise
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velocity fluctuation is normalized with the friction velocity, and variations of its values at
the point y/é = 0.5, in the turbulent boundary layer, are compared with experimental
values in Figure 2.35a (& denotes the boundary layer thickness). This figure indicates that
the present calculations correctly predict the expected decrease of streamwise velocity
fluctuation with increasing Mach numbers. The only problem is that a similar behavior is
predicted for the transverse velocity fluctuations, whereas the experiments show that the
transverse velocity fluctuations are independent of the freestream Mach numbers.
Therefore, the increasing freestream Mach number results in a highly anisotropic flow,
characterized by transverse velocity fluctuations being much larger than the streamwise
velocity fluctuations. The k-£ turbulence model in its present form is incapable of
predicting such anisotropic behavior.

The Reynolds stress correlation coefficient is defined as
~
_u"v“

— 111
(v*?)

R -
uv /—'2’ 1,
(u")

The predicted correlation coefficients at y/é = 0.5 are equal to 0.3 for all Mach numbers
considered. As shown in Figure 2.35b, the above predicted value is very close to the
experimental results of Yantal and Lee (Ref. 65) at Mach 3. However, based on a large pool
of experimental results, Laderman and Demetriades (Ref. 60) have decided that the value of
the Reynolds stress correlation coefficient at y/é = 0.5 is independent of both Mach number
and wall temperature and is approximately 0.5. This experimental value is about 65 percent
larger than the predicted value of the correlation coefficient; however, from the point of
view of turbulence modeling it is important that the calculations correctly predict the
independence of this quantity from Mach number changes.

Figure 2.36a shows the maximum values of the turbulent kinetic energy, normalized by
the friction velocity, at the downstream location where Re, ~ 107 as a function of Mach
number. This figure indicates that the maximum turbulent kinetic energy decreases with
increasing freestream Mach number; however, the rate of decrease of this quantity reduces
considerably for freestream Mach numbers larger than five. Figure 2.36b shows the
normalized transverse location of the maximum turbulent kinetic energy in the boundary
layer. It is interesting to note that both the maximum value of the turbulent kinetic energy
and its transverse location decrease with the freestream Mach number. The available
experimental results were not sufficient to substantiate this trend.

Based on the examination of the predicted results provided by the present version of
the RPLUS code with a low Reynolds number k-¢ turbulence model, it can be concluded
that, except for inherent shortcomings of the k- turbulence model, the calculated results
compare favorably with available experimental data for supersonic flows over a flat plate.
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The application of the present version of the RPLUS code with the Chien’s k-£
turbulence model to 8, 10, and 20 degree compression ramps was not satisfactory. At small
ramp angles erroneous solutions were obtained and at large ramp angles the solution blew
up. To understand the basic reason behind these problems, the solution of a Mach 2.87 flow
over an adiabatic eight-degree ramp is considered. A 121x 101 stretched grid with the first
transverse node layers at y* < 1 (see Figure 2.37) was used. The height of the domain was
H = .12 m and its length was L = .48 m. Coordinate axes were normalized with the height of
the domain. Figure 2.38 shows the convergence history of the solution. The density
residual drops by two orders of magnitude after 2700 iterations and is gradually decreasing,
indicating a converged solution. Figure 2.39 shows the comparison of the predicted surface
static pressure distribution with the experimental data of Settles et al (Ref. 67). This figure
indicates that the pressure profile across the shock is well captured. However, the
comparison of the predicted skin friction with the experimental results (see Figure 2.40)
indicates that the skin friction is greatly overpredicted. The incorrect behaviors of the
turbulent kinetic energy and the turbulent kinetic energy dissipation rate in the flowfield
cause such erroneous results. The reason for this behavior in the solution of the k-¢
equation is the large levels of second and fourth order numerical dissipation coefficients
required to obtain the above converged solution. In the calculation of flat plate cases
discussed earlier the second order and the fourth order artificial dissipation coefficients, k3
and k,, were set to zero and the 1/128 respectively. For the 8 degree ramp case minimum
coefficients required to obtain a solution were k; =15and kg =1 /16. Subsequently, these
large numerical dissipation terms completely distorted the solution of the k-¢ equations,
resulting in the wrong skin friction coefficient and other flow quantities. The same difficulty
was present for the ten and twenty degree ramp cases. A survey of the current literature on
the application of higher order turbulence models to flowfields with shock waves indicates
that a numerical scheme with-a robust numerical dissipation, such as MacCormack’s scheme
(Ref. 68) or a TVD scheme (Ref. 46), is needed in the k- solver to have a well behaved
solution for the turbulent quantities. Here, as in the case of chemically reacting mixing
layers, it is clear that the lack of a TVD scheme for the solution of the turbulence model’s
transport equations is the main cause of the failure of the present version of the RPLUS code
in the case of relatively complex flowfields. It is recommended that a general TVD scheme
be developed and incorporated into the RPLUS code before any further improvement of the
turbulence and combustion models.
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CHAPTER 3. JOINT PDF ANALYSIS OF COMPRESSIBLE FLOWS.

The objective of this chapter is the study of various formulations of pdf equations for
compressible turbulent flows and the analysis of their structural properties. The results to be
reported here are the analysis of a prescribed pdf formalism suitable for reacting compressible
flows, theoretical study of the joint pdf of nonreacting compressible flows, and the study of
random discontinuities in compressible flows and their effect on pdf methods.

3.1 Prescribed pdf formalism for compressible turbulent flows with combustion.

Compressible turbulent flows with combustion reactions that are assumed infinitely fast
can be described locally by three thermodynamic variables. There are several equivalent
possibilities for the choice of these variables and in the present case the set (¢,u,p) will
be considered, where { denotes mixture fraction, u the specific internal -energy and p the
density. This particular set is appropriate for implementation in a general solver (RPLUS)
for compressible flows. The calculation of the mean thermodynamic state requires then the
pdf f(¢,u,p;z,t) of the three scalar variables and the expectation of any local function ® of
the scalars follows from

@@= [d [du [ app(c,u00¢ w20 (3.1.1).

The integration is carried out over the set S; of all realizable states called scalar space.
There two methods for the determination of the pdf and in the present case only the explicit
construction of the pdf in the form of a functional relation to selected moments of order one
and two will be discussed. The construction of the pdf depends crucially on the geometry of
the scalar space S; spanned by the set of all realizable values for the scalar variables. For
mixture fraction, internal energy and density it follows that S; is given by

S3 = {(¢u,p):0< (< Luo(€) Suui((),pe(¢) < p < p1(¢)} (3.1.2)

where 4,((), po(¢) and u;((), p1(¢) are extremal values for the internal energy and density
depending on mixture fraction which can be estimated from an expected pressure variation
in the flow field. If such estimates cannot be established, internal energy should vary in an
interval given by realizable states (which depends on mixture fraction) and density in [0, ).
The scalar space is of sufficiently simple structure to allow construction of the pdf. Several
possibilities will be considered.

3.1.1 Specification of order one and two moments.

The method of constructing the pdf consists of two steps: First mappings are used to
transform each scalar to an image variable with the range (—o0, 00). Then a three-dimensional
Gaussian pdf for the image variables is constructed which requires exactly all moments of
order one and two. However, nonlinear mappings imply that first and second order moments
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of the image variables depend possibly on a larger set of moments or all moments of the
original variables, which defeats the purpose of constructing the pdf from first and second
order moments only. However, the geometry of the scalar space contains information on
possible correlations, which may prove valuable for the construction of the pdf. This will be
exploited in chapter 4 in the context of the zero Mach-number limit.

3.1.2 Independent variables.

The scalar space is assumed to be a cube. This case serves as an example only and
will be shown to be unacceptable for reacting flows, but quite realistic for the nonreacting
case. All moments of order one and all variances are specified and the variables are assumed
independent. It follows that the pdf is then the product of the single scalar pdfs

f(C,UaP) = f((C)fu(u)fp(P) (31.3)

The most important quantity to be calculated from the pdf is the mean pressure (p), which
enters the averaged balance equations for momentum and energy thus modifying the flow
field according to the heat released by the combustion reactions. The functional relation of
the pdfs f; to the respective moments is set up as follows. Mixture fraction varies in the unit
interval and for this reason the beta-function B is chosen as realizable pdf.

B(Giz,t) = 3¢ 1= O (314)

where the exponents & and  depend on mean and variance of mixture fraction and N denotes
the normalizing denominator defined by

N= / 1 d¢ ¢ (1 - ¢)P? (3.1.5)
0

The exponents can be expressed in terms of the mean and variance

a = c(-(-(;ﬁ)- — 1) (3.1.6)

C”2
_ (=9
ﬂ—(l—()( E’rz 1 (3.1.7)
where the tilde indicates Favre-averaging. The denominator can be evaluated using the
Gamma-function. P(@)T(8)
a
N=—"2 17 3.1.8
NCET) (318

——

It remains to set up the modelled transport equations for the mean ¢ and the variance ("2.
It follows from the instantaneous balance for mixture fraction

] o .. 8, &
p(ét- + ‘Uo,'a?;)c = -a—I:(pFaIa (319)
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that mean and variance are governed by

(p)(%MQ%)Z ——-{(( )T + ”‘)aai} (3.1.10)

where u; denotes the turbulent viscosity and

9 . 0 .5 8 __C” pe 8
(p)(at +v°3.ro,)c T Oz4 {{e )P+ 3x0}+2ac Oz, az,,

—~2(p)é  (3.1.11)

where €; denotes the scalar dissipation rate. This completes the construction of the pdf for
mixture fraction. Since the scalar space is a cube, both internal energy and density vary
in domains with bounds independent of the scalars. Therefore, normalized variables can be
defined which are statistically independent. First and second order moments must be specified
for density and internal energy if pdfs such as the beta-function are employed. Density will
be considered next. Mass balance appears in Favre-averaged form as

0lp) , O (1=
S+ aTa((p)va) =0 (3.1.12)

and the variance {(p'?) is governed by

6 -~ a ! ! " ! aa ! 1 a ! avt’:’ a
(5 + o ge ™) = =5 (002) = 2p7) 522 — 2(uiy TEL — (2% gy 205

(3 1 13)
Closure models are required for turbulent diffusion and three of the four source/sink terms in
(3.1.13). It is worth noting that none of the source terms is clearly destructive or productive
in contrast to the variance of mixture fraction for instance. The first (and closed) source term

av
@ =-2p )6330,

1s apparently productive for compression in the mean and destructive for expansion. The
second term 34p)

Q2E_(, Il)a

is clearly productive if the gradient-flux model holds as in crossflow direction of boundary-
layer flows, but is destructive in longitudinal direction as measurements in turbulent diffusion
flames have shown (see Ref.41). The third term

av"
= {2
Q3 = (P axa)
is also productive for fluctuating compression and destructive for expansion like Q. The last
term Py
Q= —2(pNp’ a%)
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is difficult to estimate. There are two obvious possibilities: p' and the fluctuating divergence
of velocity are weakly correlated or strongly correlated. Q4 can be neglected in the first case.
In the second case of strong correlation it is likely that compression (negative divergence)
implies positive density fluctuation and expansion negative p’. Hence is Q4 in essence a
production term in this case. However, no estimate for its magnitude can be offered at
present. The particular case of density weighted pdfs requires also the third moment as will
be shown later. The transport equation for the third moment can be derived in same manner
as for the variance. The result appears in the form

g . 0 3y _ i 3,0 13 _a_ﬁg_ 2, 1 9@_ :3% _ 2 Ovg
(§+vaaza)(P )“_aza(" va) =30 ) 5, 3(p"va) 5, 2(p 3%) 3(/))(;; a%)
3.1.14)

There are four source/sink terms describing the interaction of the turbulence with the mean
rate of strain and the mean density gradient, and the interaction of the fluctuating density
with the fluctuations of the rate of volume expansion. It will be shown in chapter 4 that the
prediction of the pdf with nonzero density fAuctuations due to compressibility effects requires
the third moment.

3.1.3 Statistical independence in transformed scalar spaces.

All moments of order one and all variances are specified and the variables are assumed
independent. Furthermore, the case that the variances for certain functions of internal energy
and density are set to zero, is also considered. The trivial case is obtained if the mappings
are identities. If the variances for density and internal energy are zero, it follows that the
expectation of any local function ¢ of the scalars is given by

(®)(z,t) = (p)/0 dCﬂ(—’—i’@lf(C;z,t)'

where f denotes the unweighted pdf. This restricted definition of the pdf

f(Cu,p) = fe(Gz, t)8(w — ©)é(p = (p) (3.1.15)

is applicable if the scalar space is a cube. It should be noted, however, that the scalar space
cannot be a cube if one of the scalars is enthalpy or internal energy and chemical reactions
take place, because the enthalpies of formation for reactants and products are different and
extension of the scalar space to a cube can lead to unphysical states (negative absolute
temperatures).

The mean pressure plays a central role in the solution procedure RPLUS and it is of
prime importance to calculate the derivatives of (p) with respect to the other dependent
variables. Let the mean pressure be given by

1 u1(¢) () L o— —
) = (o) / af Canf dp”(i’:’—”’f(c,u,p;c,c"z,a,u"a(p>,<p'2>,<p'3>) (3.1.16)
ug Po
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where p((,u, p) is the local thermodynamic relation of the pressure to the scalars and the
integration is carried out over the scalar domain. The essence of the prescribed pdf formal-
ism is the assumption of the local dependence of the pdf on the selected set of moments

¢, C", i, u", {p), (p"), which are called defining variables. Since this functional relation is
known, it follows that the derivatives of the mean pressure or the expectation of any other
function of the scalars with respect to the variables in this set can be established. For instance,

the derivative of (p) with respect to C is given by

d(p) oo @ p(¢,u, p) Of
—L = d d dp——"—"—-~ = 3.1.17
6( <p) A ¢ uo(¢) ¢ /PO(C) g P 6( ( )

and the derivative of the pdf can be calculated explicitely.

3.1.4 Construction of the pdf.

The density-weighted pdf for mixture fraction, internal energy and density will be con-
structed in the form of a product of functions given by

f(Gu,0) = £c()fa(u™ (G u, p)) £7 (07 (¢, u, p)) (3.1.18)

and the variables u* and p* are functions of ¢, u, p such that f; = §(u* — (u*)) and
f; = &(p* — (p*)) implies the properties of a turbulent flame at zero Mach-number. It
follows from the fact that the zero Mach-number flame burns (in first order approximation)
at constant pressure that the mean value (u*) must be a function of ¢, (p) and the mean
value (p*) a function of (,(p),u*. Constructing the pdf f as product of beta functions for
all three independent variables implies then that the variances for u* and p* are measures
for the effect of compressibility on the flow. The coupling with the mean pressure makes the
relations very complex and iterative procedures would be required for the calculation of the
moments of u* and p* in terms of the moments of u and p. Hence, an approximation in the
form

. _ _u—u(()
u*((u) = 50 = 4 (0) (3.1.19)
o ©
“ir N _P—Po
P (Cp) = 2@ — o0 (3.1.20)
will be considered, where u,, uq, p; and py are the bounds for internal energy and density at
a given value for the mixture fraction. If u* and p* are kept at fixed values, thermodynamic
relations ¢(({) are produced (by interpolation in the three-dimensional table), which will
not agree with the zero Mach-number limit, where enthalpy is a linear function of mixture
fraction and the pressure is constant. However, the choice of the bounds u; (¢), etc. allows
the approximation of this limit if the shape of the accessible domain corresponds to constant
pressure surfaces. The pdf f constructed with the density-weighted moments (except density)
is regarded as density-weighted pdf. It follows that the unweighted pdf is given by

F(Curp) = %f(c,u,p) (3.1.21)
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The construction of f according to (3.1.18) is based on selected moments. The moments of
mixture fraction ( are given by

5".—_L d(/o du‘/o dp*("[u1(¢) ~ wo(O))[P1(C) = Po(ONF(C,u™, P7)

and it is clear that choosing the beta function for f¢ in (3.1.18) violates normalisation. Hence,
the modified beta function

B(( e, B)

= 3.1.22
O = T o Olps ()~ o0 (3122
is the correct choice and it follows that the marginal pdf for mixture fraction is indeed the beta

function and the exponents a and 3 are determined by the moments ¢ and & according to
(3.1.6) and (3.1.7). It remains to establish the moments of u* and p* in terms of the moments
of u and p. Noting that

u1(¢) p1(<)
/ du/ dpuf(¢,u,p) =
P

uo(¢) o(¢)

/0 dq / du* / dp*[u0(€) + u* (w1 (0) — wo(O)B(G 0 BV F2(u™)F3(67)

holds, we get

u — Uy

(u*) = (3.1.23)

where (u*) is the mean value required for the construction of f;. The variance of u follows
in the same manner as '

iy — o

——

W — g — (= ul () — uguf — ug?)w)

(Ul _ U0)2 + (ull II 2

(utl2) —
or in semi-implicit form

u? g2 — u0 2(u Y(wouy — “0)

(u1 — uo)?

(u*?) = — (u*)? (3.1.24)

The relations for the moments of density are somewhat different because f is density weighted.
It follws that

EL i b= ot 0761 = ) (3.1.25)

and

%)l +3(6%) + ()2 = 2t + 2p"N50p1 — £3) + (p°) (1 — po)? + (5" (o1 = po)? (3.1.26)
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hold. It is worth noting that the first three moments of p are required to determine the first
two moments of p*. Two possible forms for the pdf f will be considered

B(¢)B(u" (¢, 1) B(p" (S, p))
[2(0) = w(Olea() = po(C)] (3.1.27)

f(Cu,p) =

and

B(C)5("‘(C, ) — (u"))é(p* (¢, p) — (p))
f(Cu,p) = 3.1.28

(€2 = 71010~ welCMler ) — (€] (31.28)
where the second form corresponds to the zero Mach-number limit if the scalar space is chosen
appropriately. It important for the calculation of the derivatives to note the dependence of

the various defining moments on the solution variables (f, ("{u,ﬁ, (p),(p"?), (p")) which
are not identical with the defining moments. First we note that

B(¢) = B(G:(.¢"™)
holds. Likewise we get for internal energy

B(u") = B(u"; {u"), (™))

but the defining moments are not solution variables. The equations (3.1.23) and (3.1.24)
show that o

(') = F(@,(, (")
and

(™) = F(a, w7, {, ()
hold, because i, etc. depend on ( and ¢ 112 yia B((). Turning to density we get
B(p") = B(p";{p"), (p™*))
but the defining moments are not solution variables. The equations (3.1.25) and (3.1.26)

show that o
(") = F({p), ()., (")

and

(p™) = F({p), (p?): ("), (,¢"?)
hold, because p; etc. depend on ¢ and (T"’ via B(().

3.1.5 Derivatives with respect to the defining moments: Beta -function.

The derivatives of a beta function with respect to the defining moments can be evaluated
using properties of the I'-function and implicit differentiation. Let f; be the beta-function
(3.1.4). It follows that

of

o = Hg7 lor(0)+ g2 g1 - ) - 5

a¢
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holds. Note that the integrand is modified by the logarithms which put more weight to the
values of p((, u, p) at the end points of the range of (. It follows, however, that this derivative
becomes singular if the pdf is not bounded at these end points. The derivative of N appears
as combination of Gamma-functions

dlog(N) _ 9log(T(a)) N dlog(T'(B))  Olog(T(a + B))
o a¢ a¢ a¢

which can be expressed in terms of the ¥-function using the definition

U(z) = % log(T'(z)) (3.1.29)

The ¥-function can be calculated according to the infinite product

nd 1 1
exp(¥() == [[0+ ) exel- )
which is valid for z > 0. It can be recast as
‘Il(ac)——l+lo (1+z)+1lo (ﬁ(1+ 1 )exp(— ) (3.1.30)
Tz & & ol z+s P z+s o

There are efficient and accurate alogorithms in standard software packages (such as IMSL)
available for the calculation of ¥. It follows that the derivative of N can be given as

dlog(N) _ da 9B, da
35 = qu’(a)-*_ afql(ﬂ) (ag +

and the derivative of the pdf is finally established in the form

9B
55)‘1’(0 +B)

of _ @-o —¥(a o -6—ﬂo -¢) - a
o = 53 o8(0) ~ ¥(e) + Wlar+ P))+ Sellog1 = ()= H(B) + ¥+ A} (3131

The derivatives of the exponents « and 8 can be calculated which leads to

b _((2-30) _, (3.1.32)
i 1.
and 5 . .
98 _ (1-0)(1-3¢)
it (3.1.33)

The calculation of the derivative of the expectation of a function ¢(¢) with respect to the
mean mixture fraction is thus established. The result can be given in the form

) _ 10 8 — B2 4 (90 + 8) — 2(8) 2
8 = G1(e + )~ UG +[Ua+H) - ¥ )
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Oa o
+a—c"(¢(0 log(¢)) + a_é(¢(<) log(1 - ¢)) (3.1.34)

The derivative with respect to the variance follows in analog manner

99) = V(o —¥Y(a _aa U(a v 9B
o = (I 4 f) — Bl + (Ut ) = 2 )
0B
+—(¢(()log(C)) —= (#(¢) log(1 = ) (3.1.35)
aC" C
where s 62( E)
o 1-
6(,:'72 = — 5722 (3.1.36)
and o0 ~( ~)2
__¢-¢ i,
65’72 = &722 (3.1.37)

Note, that the angular brackets are defined as
1 ~ e~
(¢ = [ deBG:,E60)
0

The beta function B((; ¢, F”) is regarded as density-weighted pdf and it follows that (¢) =
holds. Furthermore are derivatives with respect to variables which are products with the
mean density determined according to implicit differentiation. For instance, let

z=(p)¢
then holds
o_10
0z (p)o¢

It is clear from the previous considerations that spatial of temporal derivatives of the
expectation of the function ¢(¢) can be expressed in terms of derivatives of the moments
entering the functional relation defining the pdf f. It follows that the gradient of(¢) can be
expressed as follows

33:0, Z / / / d¢dudp ¢(C, u, p) 57 gi 0% (3.1.38)

where the set of moments deﬁnihg the pdf is denoted by {¢;,t = 1,n}. If the pdf f is the
product of beta-functions the derivatives appear in the form (3.1.21).

3.1.6 Derivatives with respect to the solution variables: Composite pdf.
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The calculation of the derivatives of the expectation of a function of the probabilisistic
scalars with respect to the solution variables is now straightforward. Consider the mean
pressure, which is given by

{p) =(»0)/0xdc/0l du'/:dp* p(¢,u",p")

po + p*(p1 — po)

B(G;: ¢, 0™ falus (u), ()£ (675 (p7)s (0™)) (3.1.39)

where the defining moments for f; and f; depend in turn on ¢ and (2. There are six
defining moments and seven solution variables. The calculation of quantities such as the
Jacobian matrix requires the derivatives of expectations such as (3.1.39) with respect to all
solution variables. This will be carried out in detail.

Derivative with respect to n = ¢ and n = C”Tz

The solution variables n = ¢ and 5 = (::’72 are also defining moments for the beta -
function B((). It follows from (3.1.39) that the derivative of the mean pressure with respect
to n consists of three contributions

M_ ld ldu‘ ld * p(C’utip‘) _62 * £* Bif_i * B *?ﬁ
On —(p)./o C/o /o ? po+p‘(p1—po){<9nf"f"+ on fo+ Bl an}

The first part can be evaluated at once using (3.1.31) and (3.1.34) leading to

op) _, \(P Oa ]
B (P)(;){[‘I’(a +B8) - ‘1’(0)]5; +[¥(a+ ) - (Bl
+a) (52 Clog(0) + 51 (2 log(1 = O)
o [ PG (pOfi 508
+(p)./o dc/o ; /o % po+ p*(p1 —po){B dn fo+ Blazgy } (3.140)

The second and third parts represent the statistical dependence of internal energy and density
on mixture fraction. Implicit differentiation leads to

af:  Of: d(ur) | Ofr o(ur?)
oy ~ d{u*) In +3(uuz) an (3.1.41)

and '
of; _ Of; 3p) , _0f; (") 3.1.42
on _ p) on | (o) On 14

The coefficients can be calculated explicitely using (3.1.23) - (3.1.26).
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Derivative 0(u*)/0y
"The derivative of (u*) with respect to n will be considered first. It follows from (3.1.23)
that
u*) 1-—(u)Bdg  (u*) Oy

On Uy —dy Op @y —Up Op

(3.1.43)

~ holds, which contains the denvat:ves of uj and uy with respect to n. Recalling that i, etc.
are integrals involving B((; (, (”2) we obtain

i ! dB
= [ dCui(()=—, i =0,1 3.1.44
[ acurgr @ 140).

The derivative of the beta-function with respect to the defining moment 5 was established in
the previous chapter. It follows from (3.1.31) and (3.1.34) that

o0i; %
= Gl 6) — U@ ZE + [V + ) - UL

@-(u,-(() log(¢)) + %(uz'(C)lOg(l =), i=0,1 (3.1.45)

holds.The derivatives of the exponents a and 3 of the beta function are given by (3.1.32) and
(3.1.33) or (3.1.36) and (3.1.37). Combining (3.1.45) and (3.1.43) leads to

T =~ (¥(a ) U@ + [t ) - WL
;‘“‘) (5o (0 og(6)) + G us(6) g1 — )
7 S (o) + T2 (€ og(1 - ) (3.1.46

which completes the calculation of the derivative.

8(u*) /0y
The derivative of (u*'?) with respect to the defining moment 5 of the beta function will

be considered next. It follows from the semi-implicit equation (3.1.24) that

utlZ u‘
a(ar’ ) — —2(11*) a(aq) _ (ul :}_;0)2 {(uu?) ( ) } (ul _ U.o)2
- N WP W
-(u1:0)2{6q + 2(dou; — uf) a7 THN °n ~ o (3.1.47)
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holds, which contains the derivatives of density-weighted expectations of various functions of
¢ with respect to n. Recalling that u; etc. are functions of ¢ only, it follows from (3.1.35)
that ~
ou? 3 Ja aB
— = 4 —¥(a)] 5 +[¥ —¥(B)) 5
61’] ul{[ (a+ﬁ) (a)]an +[ (a+ﬂ) (ﬂ)]an

+Z—f,'<u%<c>1°g(c» N %%(u?(c)log(l ~0) (3.1.48)

holds. The derivatives of the exponents a and 3 of the beta function are given by (3.1.32)
and (3.1.33). Collecting all the derivatives we get
8 -2 T AE
(W) ) + R0y

( B
On (U1:10)2 i

L (Ut )~ B +[¥a + ) - U )

L B 0 tog(0) + 3 (ol os(3 = )
(u*) Ja ap
(22 0y ) og(O) + (O o1 - o)

0
e 600 D) (e + ) - K, + B+ ) - O

(11 — uo)?

+ 320 1on(0) + 2 w0og1 - c»)

D =0 (a4 WG + [5G+ )~ W)

(u1 — uo)?

+%%(uo(6)u1(6)10g(0) + g‘ﬁ‘”““"‘(o tog(1 ~ CD)

_1 — (u*) + (u*rl: (u*}1 - (u*)) (;E{[W(a +8) - \Il(a)]—g% +[¥(a+ B) - ‘I’(ﬂ)]g—i-}

(u1 — wo)?

+22 301050 + S (01081~ O ) (3.1.49)

completing the derivative of the variance (u"z) with respect to n = f orn= 5772

Derivative 9(p*)/0n

The derivative of the defining moment (p*) with respect to the solution variable 5 1s
completely analoguous to the derivative of @. It follows from (3.1.25) and (3.1.43) that

8p*) _ 1—(p") 0k _ _(p°) 9m
- -l 3.1.50
On pr—po On  p1—po o ( )
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holds and using (3.1.46) we get

8(p*) (o) + 1&;2 Oa 9B
=— 5 (¥ + B) — W@z + [+ ) - A5, )

I P —

=L (O log0)) + S 4pa(6) o1 - )

L (G (O og(€) + S 4o1(O g1 - ) (3.051)

u; —

which completes the calculation of the derivative.

Derivative 9(p*'?) /0y

The derivative of the density variance (p'?) with respect to n is completely analoguous
to the derivative of the variance (u*'?). It follows from (3.1.26) and (3.1.47) that

9{p*"?) = —2{(p") + pop1 — Po} 0p") _ {p°) +(p™") — ()1 = {p* )) ¢}

an (p1 = po)2” On (p1 = po)? on
Y e[l Bl W el el ok V) L AN
(b1 — po)? on (1~ po)? on

holds and using (3.1.49) we get

3p*?) _ L PP = pf Oa /]
G =2l + 22 po)z}( {[q,( a-+0) = Wa)l 3 +(¥(a+ 6) - HAIL)
e ’{g—@ (©)1o8(6)) + 5o {pu(O) og(1 ~ )

+pl</’ L (GO0 + g ((Oog(1 — )} )

0 R Vo R B 0 Y - P U
(o1~ po? (Attvtesp) - (@1, + ¥ +9) - ¥ANG)

+lAQToRO) + 2 (3¢ og(1 - 0)

o= (") — (") (,, (et B) - U 2 %+ (¥t 5) - VA }
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=) ) = 0D (310t ) — (@) 2 4 (B 4 ) — AL
oLt (Rt +8) - 2@l5; + (e + )= HBIG)

0 0
+ 22 togO) + L iei0on - ) (3.1.53)
dn an
completing the derivative of the variance (p*'?) with respect ton = C ornp=(".

Derivatives d(p)/d( and a(p)/aFﬂ for the product of beta-functions.

The derivative of the mean pressure with respect to n can be assembled using (3.1.40)
and the form (3.1.27) for the pdfs f; and f;. The result can be given in the form

%) — (o) By (3o + Bo) - Baol g + [¥(ag + 0) - S

+Ho) (S L 1og(0) + 2% 2 og(1 - )

+(p) aaq ) ((%){[‘I’(au + Bu) - \Il(au)] a( ) + [T(ay + Bu) - — ¥(By)] aa(ﬂu)}
-?Eu— P og(u* Bu 4 —ut
gy o8N + a(u,) : »)

9By
)

) 2 (2 (10(a + 1)~ Flel gy +[Waw t B0) = ¥

____aa., Bo u® 0By o —u
o (2 log(u) + 5y (£ logl »)

+<p>9—”'—>(<p>{map+ﬂ,.) ¥(a,) (”)+[\P(ap+ﬂp) (5,) ‘3”")}
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da, ap
a( .,2)( og(p*)) + 30 .,2)(- og(l—p ))) (3.1.54)
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The derivatives of the defining moments with respect to the solution variables are given by
(3.1.46), (3.1.49), (3.1.51), and (3.1.53) and the derivatives of the exponents a and § with
respect to mean values are given by (3.1.32) and (3.1.33) and the derivatives with respect
to the variances are given by (3.1.36) and (3.1.37). This completes the calculation of the

derivative of the mean pressure with respect ton = or np = ¢ &)
Derivative with respect to n =4 and 5 = u'?,

The solution variables n = # and = " are not defining moments for the beta -function
B(u*). They are related to the defining moments (1*) and (u*?) by (3.1.23) and (3.1.24).
Implicit differentiation of (3.1.39) leads to

5(10 (Y Of: .«
d du* | dp B
/ C/ ¢ / po+p*(pr—po) On fo

since only f; depends on 5 via (3.1.23) or (3.1.24). Further implicit differentiation of fu leads
to

Ofi _ 0fi 0w)  0f: o)

dn  O(u*) dn O(u*?) Oy

The coefficients can be calculated explicitely using (3.1.23) and (3.1.24). We consider first
n = # and obtain using (3.1.23)

= (3.1.56)

and using (3.1.24)

u? 1 1 2 [iguy —ul i
Ou =2a< S >—~ ~<"°"L,u°—~u°~) (3.1.57)

ou (ug — up)? (4 — )%/ 4y —1p (up —up)? U1 — o

The derivative of the pressure gradient follows now from (3.1.54) as

T — 2 (Britaan+0) - \If(a..n(,,( 5+ b+ ) — WBl5)

601,,

( )< log(1 — u” »)

L ((f,){[w(a., #B2) = Mo g + ¥ + 82) — VB 5o}

Oa, ,p . op

— log(u s P og(l — u* 1.
t o) { pl g(u")) + B ( pl g(1 ))) (3.1.58)
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and the coeficients are given by (3.1.56) and (3.1.57). We consider next n = 4" and obtain
using (3.1.23)

A
6(142
and using (3.1.24)
12
ALy S (3.1.59)
¢ (ur — uo)?
The derivative of the pressure gradient follows now from (3.1.54) as
op) _ _ (o) (1_> Ul a2 v a8,
) I (B8 90 - Wy 900 + 80 = ¥l
O0ay, ,p . 0B. ,p .
+5<—u:7)‘(;108(u N+ a<u.,2)(;10g(1 ~u ))) | (3.1.60)

and the derivatives of the exponents « and f are given by (3.1.36) and (3.1.37).

Derivatives with respect to n = (p), {0} and n = (p°).

The solution variables n = (p), (p'?) and n = (p"*) are not defining moments for the beta
- function B(p*). They are related to the defining moments (p*) and (p*'?) by (3.1.25) and
(3.1.26). Implicit differentiation of (3.1.39) for g = {p) leads to

p) _ P Y [aw [ a0 s o Of,
2Byt [ ac [ || B S BOn w5
and for 1 # (p) to

) _ s [ [ e [t g BGUE) gy e O
dn —(p>/o dCL 4 /) d po +p‘(p1—po)B(<)f"( )an

since only f3 depends on 7 via (3.1.25) or (3.1.26). Further implicit differentiation of f, leads
to

8f; _ 08 a0 ™)

dn ~ 3(p*) on  O(p*?) On

The coefficients can be calculated explicitely using (3.1.25) and (3.1.26) and obtain using
(3.1.25)

oy _1-
dp)  p1—ho (3.1.61)
and using (3.1.26)
o 1 () 2 WPl (AR, .
No) oV (o —poy (o) 1= <(,,:,,0)2 G >> (3.1.62)
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The derivative of the pressure gradient follows now from (3.1.54) as

aﬂ,,
)

Qip_>=<£)+<p)M(< H(W(p + Bp) — T 222 4 [F(ay + B) U(Bo)l5

&p) o 9(p) 6( )

2 (2 log(1 —p*»)

Oa, ,p
+—2(= log(p*)) +
(Rlog(o™) + 51552

) 'p

a(p"2> E o N N aﬂp
+10) 2 (Yt + ) = Wl s + Wy + ) = UGB )
+ gy (L1og(p") + 50y (2 log(1 - 7)) (3.1.63)

and the coefficients are given by (3.1.61) and (3.1.62). We consider next n = (p'?) and obtain
using (3.1.25)

Hp*) _ 1
567) ~ W — ) (369

and using (3.1.26)

My 3 2 o | PP~ P}
)~ ey PG = 50) (94 o t’,,o)z> (3.1.65)

The derivative of the pressure gradient follows now from (3.1.63) as

aa,, a.Bp

(p) 8(p") o N N
ity = g (N1 8,) = Wl + (U, + ) - BN
b Clog(p) + 55 (B log(1 - ) )

+H0) gy (U + ) = Uy g + Uy + ) — U gts)

aa,, P (1
(.,2)( og(p*)) + (.,2)( log(1 p))) (3.1.66)

and the coefficients are given by (3.1.64) and (3.1.65). The derivatives of the exponents a
and f are given by (3.1.36) and (3.1.37).
Finally, n = (p") is considered. We obtain using (3.1.25)

")
3y =0
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and using (3.1.26)

™) _ - 3.1.67
9(r")  (p)(o1 = po)? (3160
The derivative of the pressure gradient follows now from (3.1.63) as
o(p) = . (-I-)- V(o - ¥(a Oe_ ¥(a - _9B,
6(,0’3) (plf—\;)o)2 (P){[ ( P+ﬂp) ( P)]a<p‘:2) +[ ( p+ﬂp) \I’(ﬁp)]a<p,,2)}
aap p * aﬂp p *
+6(P"2) (; log(p*)) + 30" (; log(1—-p ))) (3.1.68) |

The derivatives of the exponents & and f are given by (3.1.36) and (3.1.37).

In this section it was shown that pdfs for three scalar variables describing the local
thermodynamic state in a compressible reacting flow can be constructed from a selected set of
moments of order three or less. Statistical independence was assumed for the image variables
in a transformed space, that reduces approximately to the properties of reacting flows at
zero Mach-number if two of the image variables are kept at fixed values. All derivatives of
expectations of arbitrary functions of the scalars with respect to the moments in physical
space used for the construction of the pdf were calculated analytically.
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3.2. Nonreacting Joint PDF Equation

In this section the objectives are to analyze the compressible flow equations, to
understand the role of pressure and its fluctuations on turbulence dynamics, and to see if
this phenomenon is similar or related to that in the incompressible flowfields. To do this, a
theoretical joint probability density function formalism is developed for velocity
components and thermodynamic variables in nonreacting turbulent compressible
flowfields. Utilizing the conservations of mass, momentum, and the second law of
thermodynamics and two general state equations, a differential transport equation can be
derived for the joint PDF of velocity components, entropy, and pressure. A summary of this
derivation and subsequent analysis is given below.

A nonreacting compressible flowfield is governed by a set of equations consisting of
the conservation of mass equation (Eq. 1.1.4), the conservation of momentum equation
(Eq. 1.1.6), and a transport equation for entropy given as

2
aS das 1 1 JT é 1 oT
P 3T * Yy _‘axj =T Tiy €y +T—2x %, %, [T"*axi] (3.2.1)

where ¢;; = 1/2(an/axj + aU;/ 3x;) is the strain rate tensor. The general forms of
thermodynamic state relations are

p=p(PS) (32.2)
T=T®,S) (3.3.3)

The specific functional forms of state relations depend on the gas under consideration and
are left undefined to keep the analysis general and applicable to ideal as well as real gases.
The total changes in density and temperature in terms of thermodynamic variables are
given as

dp-[g—g] dP+[g—p] ds (3.2.4)
s P

dT-[EEI dp+[ﬂ] ds (3.2.5)
* | 3 |,

The partial derivative (3p/3P)g is defined as the inverse of the square of the speed of sound
propagation in the medium and goes to zero for incompressible flowfields. The other
partial derivatives can be related to the well-known thermodynamic coefficients using
Maxwell relationships. It should be noted that only three of the thermodynamic partial
derivatives are independent and the rest can be expressed in terms of those three.



The knowledge of the velocity, pressure, and entropy fields, U(xt), S&x,t) and P(x,t), at
any point in a compressible flowfield completely determines the state of the fluid. Ina
turbulent field these quantities can be viewed as random fields. The joint probability
density function of these random fields at any given point in space and time is denoted by
(¢, n, {; x, t) where ¢, n, and { are dummy variables denoting the value spaces of velocity,
entropy, and pressure respectively. The domain of these value spaces is infinite for all of the
random fields. The joint PDF is a nonnegative function of £, n, and ¢ at any point (x,t), and
it should satisfy the following property,

f(ﬁl, §2. 63. ne §) dfl d§2 d§3 dnp d¢ =1 (3.2.6)

-0

Also, since the expectation (ensemble average) of velocity components, pressure, and
entropy are finite, the above function should go to zero faster than its arguments go to
infinity. In general, if Q is a function of flowfield quantities, i.e., Q=Q Ux 1), Sxt), P(x,1),
then

oo

<Q(EISIP)> - Q(Ciﬂr() f(ﬁ:n:(: f_:t) dc dan da¢ (3.2.7)

-0

The expectation of any variable, such as U, is given as

i - 1, 2’ 3
To obtain a transport equation for the above joint PDF, define a “fine-grained" function
3
g = &(S(x,t) - s) §(P(x,t) - p) II $(U, (x/t) = vy)i
i=1

then the expectation of this function is given as
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* 3
<gx,t)> = | 6(1-3) 5(-p) I 5(f,-u,)
— i=1
(3.2.9)
f(ﬁln:C:x:t)dﬁdndC
which based on the definition of delta functions is reduced to
<g>=f(uspxt (3.2.10)

The time and space derivatives of the fine-grained function are obtained using the chain rule

dg dg i dg @S dg 4dP

e - = —= - = = - = 2.1

ot aui ot és dt dp dt (3.2.11)
a0

ag Jag i dg 9§ dg oP

—_— = = = - 222 _9%9 °° (3.2.12)

ax aui ax 08 dx ip dx,

Multiplying both sides of Equation (3.2.12) by U; and adding it to Equation (3.2.11) the
following equation is obtained

DU
Dg _ _ (39 _i,3gDs  agDe 1
Dt aui bt * 3s bt T Jdp Dt (3.2.13)
where
a() a( )
D( )/Dt = Fra + Uj axj

Multiplying the above equation by density, p, and the conservation of mass equation by g
and adding obtains the following equation

DU

d J g i
Fr3 (pg) + E (PgUi) E (p ﬁ)
(3.2.14)
29 DS, g Dp
Tas Poe) tp P
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The expectation of the above equation is taken to obtain a transport equation for the joint
PDF. The expectation of the first term is given as

[--4

) )
<§E(pg>> - 3% p(n,¢) 8(&~w)d(n-8)é({-p)

- (3.2.15)
£(£,n,¢ix,t)dEdNdl
Therefore,
< (pg)> = L (p(s,p) £(u,s,p:ixX,/t)] ) = p(s/P) o (3.2.16)
it Jat - - ot
Similarly,

9 )
<3;;(pqu)> - — [p(s,p) U

= (s pix )] = p(s.R) U, f (3217

axj

Substituting from Equation (3.2.16) and (3.2.1 7) for the left-hand terms of expectation of
Equation (3.2.14) and utilizing the conservation equations (1.1.6) and (3.2.1) for the total
derivatives appearing on the right-hand of Equation (3.2.14), the following transport
equation is obtained for the joint PDF, f,

' 1
af af ag ,_ @ . 3 ‘4]
pis,p) 3¢ ¢ p(s,p) Yy 3% <3u - 5% * 3% + pG,)> (3.2.18)
3 i i p|
2 K QT2 3 oot 2, DB
Y <3s T iy fuy T 2 (axi’ * o, (x axi)’> *<3mp P

The objective is to obtain a partial differential equation expressing the joint PDF, f{, in
terms of its arguments u;, p, and s. Therefore, the right-hand side of Equation (3.2.1 8) must
be expanded to obtain terms in the desirable form. The momentum and entropy transport
equations have been used to replace the material derivatives of velocity and entropy.
However, the choice of a transport equation for pressure is not very clear. One obvious
method is to use the thermodynamic state Equation (3.2.2) to relate pressure to density and
entropy. Here the transport equation for enthalpy was used to obtain a transport equation
for pressure, i.e.,

DP Dh ] aT
ot p ot " .a_x_j. (x 3;;‘.) - Tij eij (3.2.19)
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After substitution of this term in the right-hand side of Equation (3.2.18), the expectation of
each term on the right-hand side of Equation (3.2.18) should be evaluated. This procedure is
straightforward, (Ref. 37), but rather lengthy, and the final equation contains over forty
terms on the right-hand side. Since the primary focus of this study is on investigating the
role of pressure, the terms containing the effects of vicosity and heat conduction are
neglected. This simplification results in the following equation for the variation of the
probability density function with respect to velocity, entropy, and pressure at any given
point in space and time.

2 2 oU

af of a £ d j
p(s,p)5- + p(s,plu, 35— = {-P - <Pg —>
it 3 axj axiaui auiauj axi
2 2
9 9S 9 oP of
> - Pg > + G, p(s,p)
auias axi auiap axi i aui
(3.2.20)
dh ap Jof of 2 82f 62f
—_— £ — —_ —_— 4 S
tlrGgp s + G0 Jeg + “jpaxj’ tPhGSE Y Yy Bpaxj)
2 2 DO 2
9 2. DP d 2 i _ o Dp 9 2. DS viscous
* ap2 P tht> * auiap‘p tht > ap ptht> * opds p hg Dt> +terms

The above equation is a linear partial differential equation for the single-point joint PDF,
f(us,p;x,t). Inthree-dimensional physical space, f is a function of nine independent
variables, and the above equation represents the changes in this function caused by changes
in these nine dimensions. Those terms appearing in ensemble average bracket signs, <->,
are nonclosed and relate this single-point joint PDF to other multi-point joint PDF’s. These
terms must be modeled. The first group of terms appearing on the right-hand of the PDF
transport equation are due to the momentum transport, and the second group of terms are
due to the pressure transport. The entropy transport causes changes in the joint PDF only
through molecular diffusion effects and all its contributions are included in the neglected
viscous terms. However, entropy gradients (or hot spots) also affect the nature of the joint
PDF through changes in pressure and other thermodynamic quantities. This statement is
supported by the presence of the nonclosed terms involving the spatial and temporal
variation of entropy in the above equation. These nonviscous entropy effects on the joint
PDF can be interpreted as the contribution of temperature spottiness in modifying the joint
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PDF and hence they effect the acoustic and dynamic nature of the flowfield. To be able to
determine the extent of such effects and the effect of other nonclosed terms one must model
them in terms of the single-point joint PDF. Such modeling requires information or
assumptions regarding the nature of multi-point joint probability density functions (Ref. 11)
and their relation to the above function.

The presence of the closed form terms makes it possible to investigate the nature of the
above equation, and the effect that these terms have on it. Before investigating the effect of
closed form terms it should be noted that the above form of the PDF equation is drastically
different from its incompressible counterpart. It is a common practice to use the turbulence
models developed for incompressible flowfields in the modeling of turbulent compressible
flowfields. Therefore, it is important to discuss the relation of the above equation to its
incompressible counterpart.

For an incompressible flowfield the density of a fluid particle stays constant as one
follows this fluid particle. This assumption implies that the conservation of mass reduces to

Dp _
5c = O (3.2.21)

From a thermodynamic point of view this case implies a zero change in the thermodynamic
quantities in response to a finite change in pressure. This results in an infinite value of the
speed of sound defined by

2 P
a’" = ’ﬁs (3.2.22)

In other words, the change in pressure does not cause a change of volume and subsequent
storage of energy in the internal energy mode. Instead, the only role that the change of
pressure plays is in the transportation of the fluid particle such that the conservation of
internal energy for an incompressible inviscid nonheat-conducting flowfield reduces to

De
ST 0 (3.2.23)

However, the conservation of kinetic (mechanical) energy shows the role of pressure and is
given as

- pG.U, - U, — (3.2.24)

Therefore, there is a decoupling between the momentum equation and the conservation of
energy equation. Pressure is now defined as a forcing function which creates a flowfield in
which the velocity field satisfies the condition of zero divergence in addition to the
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appropriate boundary conditions. This means that given the velocity field satisfying the
appropriate boundary conditions, and with zero divergence, the pressure can be
determined exactly. Statistically, pressure is no longer a random variable but a function of
the velocity field with an exact functional relationship given by the following equation:

dU, dU

P(x,t) an UJ =T Byj ayi dyldy2dy3 (3.2,25)

The PDF is no longer a function of pressure and the role of entropy appears only through
viscous terms. The single-point joint PDF transport equation for incompressible flowfields
is given by (Ref. 37)

E + u a—f— - - <l a—P— -ai> + G -‘i + viscous terms (3.2.26)
ot 3 axj P axi aui i aui

The integral dependence of pressure on the velocity field links the single-point PDF to every
point in the flowfield instantaneously. In contrast, the compressible PDF transport equation
includes closed form terms that display the local effect of pressure on the function f. These
terms will be studied next.

Assuming perfect gas behavior and neglecting all nonclosed (multi-point) and
gravitation terms, Equation (3.2.20) reduces to

2 2 2

w3 ;e - B (2 . 3.2.27)
i 2np” ¥4 P pax,

Since the effects of entropy are only present in neglected nonclosed terms, the above
equation can be simplified by considering isentropic processes, i.e.,

y=1
Y

-~ | =

h = hr (p/pr) and p = P, (p/pr) .

Utilizing this assumption and integrating the above equation over pressure and entropy
space, the following equation is obtained for the probability density function of the velocity
field f

-1
2 A 2A 2 o Y1

of af r P.) Y .

ot U4 %, " 7y T ou; ] ] P f(u,s,p:x,t) dpds (3.2.28)
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l I f(g_,s,p;f,t) dpds

-0 =00

Hh >
—
[+

»

-

ot
S

]

and

a, is the referenced speed of sound propagation. This equation can be thought of as the
simplest possible counterpart of the incompressible PDF equation, Equation (3.2.26). It
indicates a strong local coupling between velocity and pressure fields which is dependent
on the speed of sound. However, it is expected that as the speed of sound approaches large
values this local coupling reduces, and the multi-point nonclosed terms become the only
link between pressure and velocity fields. Therefore, this term is only active at high Mach
numbers and acts as a pressure dependent diffusion.

It should be emphasized that Equation (3.2.27) is a closed form linear partial
differential equation for the PDF of the velocity, pressure, and entropy fields, and given
appropriate boundary conditions, it can be solved for f(u,s,p;x,t). Therefore, this equation
can be investigated to see under what conditions, neglecting the nonclosed terms, there
exists a unique solution for this equation. This analysis indicates that the principle of the
hybrid stochastic model is valid as long as the local effects created by compressibility are
included in the turbulence modeling of the velocity field.

- ———



3.3 Effects of discontinuities in supersonic flows with large fluctuations.

The interaction of shocks with turbulence poses a formidable problem of practical im-
portance (Billig and Dugger Ref.69). So far, mostly moment closures (Kollmann, Haminh
and Vandromme Ref.70) have been used to predict mean fields in the region of interaction
and mean shock properties and location were calculated with shock-capturing techniques.
The application of pdf methods to supersonic flows with embedded shocks is a new area.
Since shocks are near discontinuities for finite Reynolds/Peclet numbers (and approach gen-
uine discontinuities as Reynolds/Peclet numbers go to infinity), it is natural to ask what the
structure of the pdf equation will be in the presence of discontinuities. For the investigation
of this question, a single balance equation for a scalar quantity ®(z,t) is considered. The .
equation

0% OF

where F(®,z,t) is the flux and S(®, z,t) the source term. This equation admits discontinuous
solution in its weak form (Majda Ref.71). If the initial condition is chosen randomly from a
set of differentiable functions, then the statistical properties of the solution can be described

in terms of the pdf fi(yp;z,t).

F=68@,t)-0), fi=(f)

If the flux F and the source S are local functions of ®, and if the solution ® remains at least
once continuously differentiable, then the pdf equation can be obtained in the form

of,  OFdf, 8 _ 8°F 0%,
S T35, T 5‘;(5(90)f1) =(3523.7! (33:2)

However, the right hand side is nonzero if the flux F is a nonlinear function of ®. Its structure .
is not suited for the analysis of discontinuities and a different method must be used for this
case. The theory of stochastic differential equations allows analysis of the scalar ® taken at
a fixed location z. The temporal increment of ® is then

d® = d®, + dP + dW (3.3.3)

where d®g is the deterministic and differentiable part of d®, dP the increment due to a
jump process and dW the increment due to a continuous but not differentiable process. The
differential equation (3.3.1) leads to

dd = —6—th + Sdt
Oz

The source term Sdt can now be viewed as the sum
Sdt = Spdt + dW (3.3.4)
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of the differentiable contribution Spdt and a continuous but non-differentiable part dW. The
flux term requires a closer look. If F(®) depends on & in a nonlinear fashion such that
discontinuities form in finite time from smooth initial conditions, then there exist random and
discrete time instances when discontinuities cross the fixed location z. Hence, the derivative
of the flux is the sum of a singular and a continuous part

O S el - )+ (5

t; <t

where [®], denotes the jump height at time ¢; and (4E). the continuous part. Hence,

dP =Y [®),dté(t — ;) (3.3.5) |

t; <t

is the increment of a jump process and the increments in the stochastic differential equation
are now identified as

oF
d@o = (So - ('é;’)c)dt

along with (3.3.4) and (3.3.5). The pdf equation for the solution process of (3.3.3) is then
given by

1 6%

Oh ;2 {(So — (%%)c)fl} = §W{Bf1} + %{ / dd' f1(3")T(®' — ®) - f1}  (3.3.6)

5t '3,
if dW is specialized to a Wiener process. It becomes clear by inspection of this equation
that the discontinuities crossing a given location z affect the evolution equation for the pdf
in integral form appropriate for jump processes. This integral requires the probability of
a jump from @' to ®, denoted by T(®' — @), and the time scale T for the appearance of -
discontinuities at z. The pdf equation derived from (3.3.3) does not provide this information,
because only a single location z is considered and z-derivatives constitute therefore new
unknowns.

This example showed that the appearance of shock waves with random location and
strength produces an integral contribution to the pdf equation. It can be expected that the
time scale and the transition pdf T(@' — &) are functionals of the flow variables. The explicit
form of this functional relation is unknown at present.
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CHAPTER 4. MODELING AND SOLUTION OF A TRANSPORT
EQUATION FOR A JOINT PDF.

Task 5 of the contract was devoted to the study of possible formulations of the pdf method
for compressible turbulent flows with combustion reactions and the development of closure
models for this type of flow. The pdf method can be based on the transport equation for the
pdf of thermo-chemical scalars plus variables measuring the rate of relative volume expansion
or the material derivative of the pressure. The pdf approach offers the possibility of treating
chemical non-equilibrium in rigorous fashion, which is particularly important for high speed
flows characterized by high shearing rates and short residence times. The progress achieved
in the development of a closure model for the pdf equation and the successful application of
this model to supersonic hydrogen flames will be reported in detail.

4.1 Pdf equation.

Turbulent flow at supersonic speed can be modified significantly by compressibility and
the interaction with shocks created outside the turbulent flow field and random shocks (called
shocklets, Johnson et al. Ref.72) generated in supersonic turbulent shear layers. Pdf methods
can be adapted to cope with the effects of compressibility including random discontinuities
and combustion. We consider the case of infinitely fast reactions, in which three variables
determine the local state: Mixture fraction, pressure and enthalpy. Pressure can vary sig-
nificantly in supersonic flows and enthalpy is not conserved due to frictional heating in high
shear regions. Hence, no further simplification, as in the case of low Mach number subsonic
flames, is possible. The single point pdf f; is then set up for the velocity v, density p or a
local function of density such as log(p) which will be used below, internal energy u, relative
rate of volume expansion D and mixture fraction £

fl (_'Q_, d’u’ (a n:.aivt) = (6(2 "2)5(/7 - d)6(e - u)5(D - C)é(f - '7)) (411) ‘

The transport equation for this pdf can be obtained using standard methods and emerges in
the form

0f1 0fi, 0 Op 5, 1 Orep; .
d(w-i-vagz)— ~on -(axa )+ Re(axﬂ f)+ Bd(faf)}

g 0 - M, 0qa
+5a(@00) = g =T+l = DR (@) - (2 )

v

51,0 10y o Gvbusn L Ofen O 105 0 0 a
_ac{Re(aza pal‘ﬂ)f) <3:c,93:caf)+3(3:caf) <aza paxa)f)} an( xa(praxa)f)
(4.1.2)

Mean thermodynamic properties follow from the pdf f) by integration. The mean pressure
for instance is given by

o) = [dd [ au [ dnpld, ),
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where p(d, u,n) denotes the local relation of pressure to density, internal energy and mixture
fraction. The calculation of this type of local relation was discussed in the first report.

4.2 Closure model for the pdf equation.

The closure model to be considered refers to the pdf equation resulting from (4.1.2) by
integration over velocity space and introduction of the density-weighted pdf f1 defined by

’--o, l
fi= p—(ﬂ——ﬁ—)fl(sol,---,w;z,t) (4.2.1)

{p)

where ¢ corresponds to the scalar variables (p, e, D,() and ! = 4. The integrated pdf transport
equation for the set of ! thermo-chemical variables follows from (4.1.2) for high Reynolds
numbers in the form

ofi . 0h 8, .zv 0 y-1 ,; ME, .

v

6 Bva@g afa ¢

. 8 10p
+%{—(-a_x-;axaf) +B(azaf) - (aza

00z

” 0 -
1) = 5 () we1%; = 2i) )
" Bu Pe(a:ro, )= 3¢ Re axa(p Ozg M) 317(6:1:0, ”Paxa
The terms on the right hand side can be shown to contain dominant terms describing turbulent
mixing in scalar space which appear in the form

= l 2 -
(%)m;-zz (el = e ) (423) -

l
=2 k=2 p;i0Pk

)f) (42.2)

and the scalar dissipation rates €;; in the conditional expectations are defined by

ov; 0Y;
=%l 4.24
i =" Bzq 024 (42.4)
with equal diffusivities I'; = I'; = I'. Note that no such term acts in the first scalar direction
which corresponds to the variation of density.

4.2.1 Mixing Model.

Any closure model for the mixing process described by (4.2.4) should share as many
properties as possible with the exact term. It should preserve normalisation and mean values
and decrease variances and covariances. The pdf should remain nonnegative and should not
spread outside the domain of allowable states. The pair interaction model for the [ —1 (note
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that one of the scalars does not mix as will be explained in the next chapter) scalar variables
is defined by

(%) = l{/ dge'/ de" fule ) 1" )T(e' ¢" o) — fil)} (4.2.5)
miz | JR ®

It is assumed that all scalars are appropriately normalized such that the scalar space (set of
all realizable states) R is a subset of an ! — 1-dimensional cube. It should be noted that $
may have intricate boundaries as a consequence of realizability conditions. The transition
pdf T(p',¢", ¢) must satisfy the requirements

" ! 1"

T(_(E’,ﬁ”,(ro) = 7’((’9',2 ’f +£ _2) (42.6) .

and
T(¢',¢",0) =0 for o ¢ N(¢',¢") (4.2.7)

The central part of the condition (4.9) is the construction of the neighbourhood N (¢, ¢")
which is the interval [¢',"] in the single scalar case. N can be at most the cube Cj_; = {e:
@i € [¢;,¢{],i = 2,1} defined by ¢ and y" for pairwise interaction. Realizability requires
that the mixed states are in ®, hence

NCCiing (4.2.8)

must hold. Symmetry
PEN & o' +¢"—peN (4.2.9)

must be imposed to insure the properties of a mixing model. Furthermore is T pdf with
respect to

/ deT(¢', 0", 0) =1 (4.2.10)
L eTehehe

Conditions (4.2.6)-(4.2.10) do not define the mixing model uniquely but represent a class of
models. It is important to realize that the structure of the scalar domain ® modifies the
neighbourhood N unless N is reduced to the line connecting ¢' and ¢". If @' and " are
close to the boundary of R the neighbourhood is essentially the connecting line due to (4.2.8),
but if the points are inside ® and far away from its boundary then may N be the cube C;_;.
The transition pdf T is set up as

T(¢', 9" 0) = GOH(¢' ¢, ) (4.2.11)
where
H(¢'\¢",¢) = { ) for e € Mg ") (4.2.12)
- 0 otherwise
and p;—1(N) is the I — 1-dimensional volume of N (¢',¢") and ¢ denotes the centered variable
_ 2 1, uv -
G s gl el =2 (4.2.13)
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It follows that T satisfies
/ G =2"" (4.2.14)
N

and

G(¢) = G(-9) (4.2.15)

The present choice for the function G(() is a constant determined by the condition (4.2.14).
This concludes the construction of the mixing model for (4.2.2).

4.2.2 Compressibility Effects.

The closure model representing the effects of compressibility 1s most conveniently for-
mulated in the Lagrangean frame in the form of stochastic differential equations. The basic
laws are written in abbreviated form

dlogp.

=D (4.2.16)
dd—lt) = Qb (4.2.17)
%-f: = Qr (4.2.18)
%% = Q (4.2.19)

where d/dt denotes the material derivative and D = V - the relative rate of volume expan-
sion. The right hand side terms are conveniently set up in the Eulerian frame (or implicit
Lagrangean). The basic laws lead to the explicit form of the Q; given by

1 8 ,1078 d ,10p Ove Ovg + 0o

= — - - - - 4.2.20)°
Qo Re 0za ' p azp) 0zq pOza’ 0O1g0za 0O%a ( 0
where ¢o denotes the energy flux vector,
1 ¥  0ga
= —v(y - 2 —A(y — 2p — - 2.
Qg = —1(y - DM +p)D+ p-v(7 ~ DM@ = 505 (42.21)
where @ is the dissipation function,
1 0 ¢
= T 4.2.22
Q Re Sc0za (p Bza) ( )

The general form of the closure model for the pdf equation given above (47) (which contains
the dynamics of the variables density, internal energy, relative rate of volume expansion and
mixture fraction) is set up in terms of the stochastic differential equation

dY; = Aidt + b,'dej +dJ; (4.2.23)
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where dW; is the increment of a normalized random process (such as the Wiener process) and
dJ; is the increment corresponding to a jump process. The closure for the equations (4.2.16)
- (4.2.19) will now be discussed in detail.

A. The time rate of change of the relative rate of volume expansion consists of three con-
tributions: The increment due molecular transport which is regarded as mixing, the increment.
due to the passage of isentropic compression and expansion waves past the material point

- considered, and the passage of random shock waves past. The first contribution AD,,;, is
represented by the mixing model. It can be shown that the viscous term in (4.2.20) implies in-
deed that D is subject to diffusion. Hence will D participate in the mixing model described in
the previous chapter The second contribution is modelled according to an Ornstein-Uhlenbeck

process

At At
ADis = {eg1 f(Ma)—}11 ~ caf(Ma)—(D - (D)) (4.2.24)
where ¢, = 1.0 and ¢p2 = 0.5 are constants and
f(Ma) = Ma2

1s an empirical function of the local Mach-number. It ensures that the increment of D vanishes
as the Mach-number goes to zero. The first part of AD is a Wiener process (n is a Gaussian
random variable with zero mean and unit variance) representing the random stirring effect of
isentropic compression and expansion waves moving past the point considered. The second
part is a drift term ensuring the existence of a steady state. Finally 7 is the turbulent time
scale provided by the second order closure. The model for Qp follows as

QDAt=ADpiz + AD;, + AD,p (4.2.25)

where the last term represents the random occurrence of shocks. This contribution is nearly
singular and corresponds to the derivative of a Dirac-pseudofunction in the inviscid limit.
There is no model for it at present and random shocks will be taken into account in the mass

balance discussed below.
B. Mass balance (4..16) does not require closure and contains only a drift term

dlogp=—-Ddt (4.2.26)

as long as the relative rate of volume expansion remains sufficiently smooth. The case of
random shocks leads to a singularity for D and will be treated as separate contribution to
dlog(p)/dt in the form of a jump process. If the local Mach-number is greater than unity,
shocks may appear with the maximal strength given by the normal shock relation

M2
G(M,) = { 5ty for Ma21 (4.2.27)
0 otherwise.

and the increment dJ; for the jump process representing the random shocks is modelled by
dJy = G(M,) %N_,(%t-)q (4.2.28)
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where N,(¢) denotes a nonegative integer random variable representing the number of shocks
arriving at the material point in ¢ dimensionless time units and 0 < 7 < 1 is the random
variable giving the dimensionless shock strength. The current model for N,(¢) is a Poisson
process and 7 is a random variable with uniform distribution. The complete increment for
the logarithm of density is givrn by

Alog p=— DAt + dJy + ADgis (4.2.29)

where the last contribution is due to frictional heating at constant pressure to be discussed
below. This contribution is given by

ADgis = P(C,u + Au,p) - p((,u,p)

where Au is the increment of internal energy due to frictional heating. Finally, note that
log p does not participate in the mixing process.
C. The increment for the internal energy consists of several contributions

1
QEAt=Aumiz + Aui, + {—7(7 — 1)MZ(1 +p)D + -E;‘y('y —1)M23}AL + Augn (4.2.30)

The first part is due to heat conduction and is therefore part of the mixing model applied
to internal energy. The second part of the increment is due to the isentropic expansion and
compression waves passing the point considered and can be written as

Ausy = u(C,5,p + Bp) = w(C,5,0)

where Ap = —DAt denotes the change of density as a result of the change in the relative
rate of volume expansion. The third part contains the pressure work term and the frictional
heating contribution. The dissipation function consists of

i\’
d=v|— é
V<3y> *
for flows of boundary layer type.
The last contribution is due to the random arrival of shocks at the material point con-
sidered.
D. The increment for the mixture fraction has only the mixing contribution.

4.3 Prediction of supersonic hydrogen flames.

The closure model developed in the previous chapter was applied to the prediction of
supersonic hydrogen flames burning in coflowing stream of air. The flow configuration was
a round H; jet with a coflowing stream of air at higher temperature than the fuel. The
boundary conditions and the nozzle geometry were chosen according to the first test case
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of Evans et al. Ref.73: The exit properties of the fuel H; are Ty = 251°K, Mach number
M, = 2.0 and pressure py = 0.1 M Pa and the exit properties of the coflowing air stream are
given by T, = 1495° K, Mach number M, = 1.9 and the same pressure as the fuel stream. The
geometrical arrangement is shown in fig.1 according to Evans et al. Ref.73. The calculation
of the turbulent nonpremixed flame is carried out with the hybrid method developed by
Chen and Kollmann Ref.74. The first step in the solution procedure is the calculation of the
thermo-chemical properties, which are stored in a table for the later use in the solution of
the pdf equation.

4.3.1 Thermo-Chemical Properties.

The thermo-chemical properties of the reacting mixture of H, and air are determined '
from the condition of chemical equilibrium constrained with pressure and internal energy.
This assumption is unrealistic for many situations in supersonic flows, but it is the logical
first step in the development of prediction models for such flows. The extension to chemical
non-equilibrium has been carried out for zero Mach-number flames (see Chen and Kollmann,
Ref.74) and, once the questions concerning compressibility effects on the turbulence structure
have been sorted out, the results obtained for zero Mach-number flames can be applied to
supersonic flows.

The fuel considered in the present prediction was a mixture of hydrogen and nitrogen
(Y2 = 0.22335 and Yy, = 0.77665, in order to raise the stoichiometric value of mixture
fraction from (,¢ = 0.0283 for pure hydrogen fuel to (,; = 0.113. The pure hydrogen case was
also considered but only results for the former case will be discussed. The thermo-chemical
properties were calculated with a standard equilibrium code (STANJAN ) and a selected set of
results are shown in fig.2 to fig.5. The available thermodynamic data started at a temperature
of T' = 300°K which implies that the fuel temperature could not be reached in the equilibrium
code and T = 301°K was used instead. This implies that a significant discrepancy in density
and temperature must be expected in the initial region. All the results are plotted for the
upper limit of density (fig.2,3,5) or the upper limit of internal energy (fig.4). The boundaries of
the thermo-chemical domain were established to be approximately isobaric. The importance
of this property for prescribed pdf methods was discussed in chapter 3.1. The temperature
as function of mixture fraction ¢ and internal energy u in fig.2 shows the expected maximum
near the stoichiometric value of ¢. The variation of T with u for constant ¢ is essentially due
to compression or expansion since composition and density are constant for constant (. The
pressure p((,u) in fig.3 shows that the lower boundary is close to an isobaric line but the
upper boundary shows a moderate variation of pressure with mixture fraction. The pressure
as function of mixture fraction and density in fig.4 (note that density is normalized with the
local extremal values pmin(C), pmaz(¢) by

* P — Pmin
=" 4.3_1
b Pmazr — Pmin ( )

for the purpose of plotting) illustrates the strong influence of the flame front ( = (,¢. Finally,
fig.5 shows the variation of a radical mass fraction (component OH ) with mixture fraction
and internal energy at the upper limit for density.
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4.3.2 Velocity Field: Second Order Closure.

The statistical properties of the velocity field are determined from the solution of a
second order moment closure (see Dibble et al., Ref.41 for details). The mean velocity @(z,r)
at /D = 6.56 in fig.6 reflects the initial conditions. The comparison of ri(p) with the
experiments of Evans et al. Ref.73 in fig.7 at z/D = 6.56 and in fig.8 at = /D = 26.2 proves
reasonable agreement given the uncertainties in the conditions at the entrance section. The
same holds for the comparison of the Pitot pressure with the experiment in fig.9 except near
the axis where the calculated pressure is too high. The Reynolds stress components in fig.10
and the dissipation rate in fig.11 at = /D = 6.56 are qualitatively correct but no experimental
values are available for comparison. The same holds true for the station z/D = 26.2 in fig.12
to fig.14. The profiles are fully developed and similar to the incompressible case.

4.3.3 Scalar Field: PDF Model.

The prediction of the pdf f((,u,p;, r) at two cross sections will be presented in detail.
The mean profiles for z/D = 6.56 in fig.15 to fig.19 prove that the jet is essentially a circular
mixing layer. There exists clearly a core region and the maximal temperature is reached in
the high shear region off the symmetry axis. The profiles for auto- and cross-correlations in
fig.20 to fig.27 at this station show that mixture fraction and internal energy are negatively
correlated (fig.21) and that the correlation of mixture fraction and density (fig.22) is the
sign opposite to the correlation of internal energy and density (fig.25) and both change signs
with increasing distance from the symmetry axis. The double peaks in the auto-correlations
indicate the properties of a mixing layer. The information of the various pdfs is contained
in fig.28 to fig.45 for the station z /D = 6.56. Two radial stations were selected to show the
variation of the pdf as the shear region is traversed. At r/D = 0.14 we note that the one-
dimensional pdf of mixture fraction (fig.28) and internal energy (fig.29) are quite different
which is due to the influence of compressibility. The Ornstein-Uhlenbeck process described
in chapter 4.2 as model for the random fluctuations of the relative rate of volume expansion '’
lead sto a broadening of the pdf for thermodynamic variables which would be related locally
in incompressible flows. This effect leads also to the differences in one-dimensional pdfs.
The pdf for density in fig.30 shows the incursion of hot combustion products as long tail at
low values of density. The pdf of relative rate of volume expansion D in fig.31 is close to
a Gaussian, but the two-dimensional pdf in fig.33 for density and D proves that D is not a
Gaussian phenomenon despite the Gaussian appearance of the marginal pdf. The pdf for the
thermodynamic variables such as density and internal energy in fig.34 shows the adherence
to the equilibrium line with spreading due to compressibility effects.

The results for the station z/D = 30.14 in fig.46 to fig.73 documents the development
of the flow from a circular mixing layer to a round jet. The mean profiles in fig.46 to fig.48
show the decay of the mixture fraction and the spreading of the jet. The auto- and cross-
correlations in fig.49 to fig.56 bring to light the properties of jets in contrast to the initial
behaviour as mixing layers. No sign change is observed for the cross-correlations of mixture
fraction and internal energy (fig.50) and mixture fraction and density (fig.51). The same
holds true for density and internal energy in fig.54. The one-dimensional pdfs in fig.57 to
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fig.68 allow the detailed study of the radial development. The most interesting result is the
appearance of a double peak in the pdf for internal energy at r/D = 6.55 in fig.66. This
can be attributed to the intermittent nature of the flow simulated stochastically, where the
right peak corresponds to entrained air. A similar property can be seen in the pdf of density
at the same station in fig.67. The entrained air appears here as a distinct spike at the high
density. The two-dimensional pdfs in fig.69 to fig.73 show less spread around the equilibrium
lines which indicates smaller compressibility effects.

It was shown that pdfs for three scalar variables describing the local thermodynamic
state in a compressible reacting flow can be determined as solutions of model equation that
simulates the effects of convection, turbulent diffusion, chemical reactions and reversible and
irreversible compression and expansion processes occuring randomly in a turbulent flow at
high speed. The limited amount of experimental information does not allow to draw a final
conclusion concerning the accuracy of the claculations, but it is clear that pdf predictions
of compressible reacting flows are feasible. There are, however, several problems awaiting
solution. In particular the role of the fluctuating pressure containing several different modes
(acoustic mode, entropy mode) and the significance of chemical non-equilibrium need to be
investigated. Pdf methods are especially well suited for the latter because they allow rigorous
treatment of nonlinear and local processes.
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APPENDIX A
Two-Dimensional Expansion of the Governing Equations

Two distinct models for the prediction of compressible turbulent chemically reacting
flows were given in Chapter 1. Complete governing equations and their expansion in two-
dimensional space are presented here for each model. The RPLUS computer program is
modified to solve all equations in each set of governing equations simultaneously.
Therefore, the vector form of these equations is presented here. Flux Jacobian matrices for
each solution vector are also presented. First, finite rate reaction model equations are given.
Next, k-¢ turbulence model equations, and then PDF combustion model equations are
given.

A.1 Finite Rate Reaction Model Equations

The transport equations governing the behavior of the turbulent flow of a chemically
reacting mixture of N gaseous species were modeled and nondimensionalized in Chapter 1
and are given by Equations (1.5.1) to (1.5.4). These equations can be represented in a
compact vector form as

A(F-F )  3(G-G )
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Utilizing the k-£ turbulence closure model the above vectors can be given by;
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To obtain the Jacobian of the above flux vectors, pressure must be expressed in terms of
the elements of the solution vector Q. This relation in two dimensions is given by
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The Jacobians of the above flux vectors are given as

aF aG
-6-6 and B -66

A =
Using a transformation to an orthogonal curvilinear coordinate system
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Ais given by the matrix A.1.1. In this matrix Af\fn = (f\m -hyp) - (ﬁfN - hgy). For B replace ¢
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A.2 k-¢ Equations

The modeled and nondimensionalized transport equations for the turbulent kinetic
energy, q, and the rate of turbulent kinetic energy dissipation, ¢, are given by Equations
(5.16) and (5.17) in Chapter 1. Using the compact vector notation, the two-dimensional
expansion of these equations is given as
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The Jacobians of the flux vectors are given as
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For B replace ¢ with n.
A.3 PDF Combustion Model Equations

The transport equations needed to be solved with a PDF model for a turbulent
chemical reaction in a compressible mixture of N gaseous species are given by Equations

(1.5.1), (1.5.3), (1.5.4), (1.6.18), and (1.6.25). Two-dimensional expansion of these equations in
a vector form is given as
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The variations of the mean pressure with respect to the mean and variance of the
mixture fraction are required for the solution of the governing equations. Pressure
explicitly appears in both of the flux vectors F and G. Therefore, to obtain the Jacobian of
these flux vectors, pressure must be given in terms of the elements of the solution vector,
which includes p@ and p¢"“. Pressure equations given in Section A.1 hold in general for a
mixture of reacting ideal gases, independent of the method of chemical reaction closure.
Therefore, then can be used to obtain variations of pressure with respect to p, pu, pv, and
pe,. However, there is no explicit dependence on the mean or the variance of the mixture
fraction. Implicitly, species mass fractions are decided from the integration of the PDF
which is locally fixed by values of the mean and the variance of the mixture fraction. The
use of this implicit relation and chain rules is too cumbersome to find derivatives of
pressure with respect to p® and p$"*. A more straightforward approach is to make use of
the definition of the mean pressure in the PDF closure model. As pointed out in Section
1.6.4, the mean value of any thermodynamic quantity can be obtained from Equation
(1.6.15). For the mean pressure this equation can be rewritten as
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where P(¢) denotes pressure as a function of the mixture fraction. This function is obtained
from equilibrium thermodynamic reaction calculations. F(¢) is an assumed Beta function
given by Equation (1.6.11). The local form of the Beta function is fixed by the mean and the
variance of the mixture fraction as given by Equations (1.6.11 /z%gnd (1.6.11b). Therefore,
Equation (A.3.3) can be differentiated with respect to ¢ and ¢". Following the notation
introduced in Section 1.6.4, these derivatives can be given by
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Figure 2.2a - 80 x 55 clustered grid used for mixing layer calculations.
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Figure 2.4a - Profiles of streamwise velocity for mixing layer with s = 1.0 and r = 0.785.
(Isotropic artificial dissipation applied)
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Figure 2.4b - Profiles of streamwise velocity for mixing layer with s = 1.0 and r = 0.785.
(Directional artificial dissipation applied)
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(TVD scheme applied with Prandtl mixing turbulence model)
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Figure 2.31 - Streamwise velocity profile for Mach 3 boundary layer
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Figure 2.35b - Reynolds stress correlation coefficients at y/é = 0.5 as a function of Mach
number.
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Figure 2.36a - Peak value of normalized turbulent kinetic energy as a function of Mach
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Figure 2.36b - y* at gz, as a function of Mach number.
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Fig.4.1 Geometrical properties of the test case 1 according to Evans et al. (1978).
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Fig.4.2 Temperature T as function of mixture fraction and internal energy for constrained
equilibrium at the upper limit of density pmaz(¢).
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Fig.4.3 Pressure p as function of mixture fraction and internal energy for constrained
equilibrium at the upper limit of density pmaz(()-

rho(kg/m3)
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Fig.4.5 Mass fraction of OH as function of mixture fraction and internal energy for
constrained equilibrium at the upper limit of density pinaz(¢).
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Fig.4.6 Mean velocity @ at /D = 6.56 for a supersonic turbulent round jet flame burning
H; with a coflowing air stream (M? = 2.0 at jet pipe exit). -
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Fig.4.7 Comparison of calculated (line) and measured (symbols: Evans et al., 1978)
product rii{p) at /D = 6.56 for a supersonic turbulent round jet flame burning H2 with a

coflowing air stream (M7 = 2.0 at jet pipe exit).
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Fig.4.8 Comparison of calculated (line) and measured (symbols: Evans et al., 1978)
product rii{p) at z/D = 26.2 for a supersonic turbulent round jet flame burning H, with a

coflowing air stream (M7 = 2.0 at jet pipe exit).
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Fig.4.9 Comparison of calculated (line) and measured (symbols: Evans et al., 1978)
Pitot pressure at /D = 6.56 for a supersonic turbulent round jet flame burning H3 with a

coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.10 Reynolds stress components u'?: (full line), v'2; _(broken line), w': (dashpot
line), u"v": (long dashpot line) at z/D = 6.56 for a supersonic turbulent round jet flame
burning H, with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.11 Dissipation rate at z/D = 6.56 for a supersonic turbulent round jet flame
burning Ha with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.12 Mean velocity i at z/D = 30.14 for a supersonic turbulent round jet flame
burning Hz with a coflowing air stream (M7 = 2.0 at jet pipe exit).
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Fig.4.13 Reynolds stress components u': (full line), V"2 (broken line), w'; (dashpot

line), u"v": (long dashpot line) at z/D = 30.14 for a supersonic turbulent round jet flame
burning H, with a coflowing air stream (M7 = 2.0 at jet pipe exit).
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Fig.4.14 Dissipation rate at z/D = 30.14 for a supersonic turbulent round jet flame
burning Hz with a coflowing air stream (Mg = 2.0 at jet pipe exit).
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burning H2 with a coflowing air stream (M,

= 2.0 at jet pipe exit).
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Fig.4.17 Mean density at z/D = 6.56 for a supersonic turbulent round jet flame burning
H; with a coflowing air stream (M? = 2.0 at jet pipe exit).
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sonic turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at jet pipe
exit).

o



2500

2000
]

<>
1500

1000

500

© T T T T T T T T

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
r/D
Fig.4.19 Mean temperature at z/D = 6.56 for a supersonic turbulent round jet flame
burning H2 with a coflowing air stream (Mg = 2.0 at jet pipe exit).
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Fig.4.20 Variance of mixture fraction at z /D = 6.56 for a supersonic turbulent round jet
flame burning Hz with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.21 Covariance of mixture fraction and internal energy at /D = 6.56 for a super-
sonic turbulent round jet flame burning H; with a coflowing air stream (M? = 2.0 at jet pipe
exit).
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Fig.4.22 Covariance of mixture fraction and density at'z/D = 6.56 for a supersonic
turbulent round jet flame burning H, with a coflowing air stream (M2 = 2.0 at jet pipe exit).

4



*0”°
4.0

3.0

2.0

1.0

<fD>

0.0

1 ¥ | i ¥

125 150 175 2 225 250 275 3
r/r05
Fig.4.23 Covariance of mixture fraction and relative rate of volume expansion at z/D =
6.56 for a supersonic turbulent round jet flame burning H> with a coflowing air stream
(M? = 2.0 at jet pipe exit).
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Fig.4.24 Variance of internal energy at z /D = 6.56 for a supersonic turbulent round jet
flame burning H, with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.25 Covariance of density and internal energy at z/D = 6.56 for a §upefsonic.tur-
bulent round jet flame burning H; with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.26 Variance of density at /D = 6.56 for a supersonic turbulent round jet flame
burning Hz with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.27 Variance of relative rate of volume expansion at /D = 6.56 for a superso.nic
turbulent round jet flame burning Hz with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.28 Pdf (smoothed) of mixture fraction at z/D = 6.56 and r/D = 0.14 for a
supersonic turbulent round jet flame burning Ha with a coflowing air stream (M, 2 =20at
jet pipe exit).
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Fig.4.29 Pdf (smoothed) of internal energy at /D = 6.56 and r/D = 0.14 for a super-

sonic turbulent round jet flame burning H2 with a coflowing air stream (M_ = 2.0 at jet pipe

exit).
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Fig.4.30 Pdf (smoothed) of density at z/D = 6.56 and r/D = 0.14 for a superso.nic
turbulent round jet flame burning H; with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.31 Pdf (smoothed) of relative rate of volume expansion at z/D = 6.56 and r /D =
0.14 for a supersonic turbulent round jet flame burning H2 with a coflowing air stream

(M = 2.0 at jet pipe exit).
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Fig.4.32 Pdf of mixture fraction and internal energy at /D = 6.56 and r/D = 0.14 for
a supersonic turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at
jet pipe exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.33 Pdf of density and relative rate of volume expansion at z/D = 6.56 and r/D =
0.14 for a supersonic turbulent round jet flame burning H2 with a coflowing air stream
(M? = 2.0 at jet pipe exit). Lower plot contains the same pdf in the form of iso-probebility
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Fig.4.34 Pdf of density and internal energy at z/D = 6.56 and r/D = 0.14 for a super-
sonic turbulent round jet flame burning H, with a coflowing air stream (M2 = 2.0 at jet pipe
exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.36 Pdf of internal energy and relative rate of volume expansion at z/D = 6.56 and
r/D =

0.14 for a supersonic turbulent round jet flame burning H, with a coflowing air stream
(M7 = 2.0 at jet pipe exit). Lower plot contains the same pdf in the form of iso-probability
lines.
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Fig.4.37 Pdf (smoothed) of mixture fraction at /D = 6.56 and r/D = 0.46 for a
supersonic turbulent round jet flame burning H with a coflowing air stream (M; = 2.0 at
jet pipe exit).
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Fig.4.38 Pdf (smoothed) of internal energy at z/D = 6.56 and r/D = 0.46 for a super-
sonic turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at jet pipe
exit).
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Fig.4.39 Pdf (smoothed) of density at z/D = 6.56 and r/D = 0.46 for a supersonic
turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.40 Pdf (smoothed) of relative rate of volume expansion at /D =6.56 and r/D =
0.46 for a supersonic turbulent round jet flame burning H; with a coflowing air stream
(M7 = 2.0 at jet pipe exit).
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Fig.4.41 Pdf of mixture fraction and internal energy at z/D = 6.56 and r/D = 0.46 for
a supersonic turbulent round jet flame burning Ha with a coflowing air stream (M2 =2.0at
jet pipe exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.42 Pdf of density and relative rate of volume expansion at /D = 6.56 and r/D =
0.46 for a supersonic turbulent round jet flame burning H; with a coflowing air stream

(M7 = 2.0 at jet pipe exit). Lower plot contains the same pdf in the form of iso-probability
lines.
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Fig.4.43 Pdf of density and internal encrgy at z/D = 6.56 and r/D = 0.46 for a super-
sonic turbulent round jet flame burning H, with a coflowing air stream (M2 = 2.0 at jet pipe
exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.44 Pdf of mixture fraction and density at /D = 6.56 and r/D = 0.46 for a
supersonic turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at
jet pipe exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.45 Pdf of internal energy and relative rate of volume expansion at z/D = 6.56 and
r/D = 0.46 fora supersonic turbulent round jet flame burning H, with a coflowing air stream
(M = 2.0 at jet pipe exit). Lower plot contains the same pdf in the form of iso-probability
lines.
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Fig.4.46 Mean mixture fraction at /D = 30.14 for a supersonic turbulent round jet
flame burning H; with a coflowing air stream (M? = 2.0 at jet pipe exit).

1200

-

<u>
400 600 800 1000
1 1 1 1

200
]

0
-
-

r/D
Fig.4.47 Mean internal energy at z/D = 30.14 for a supersonic turbulent round jet flame
burning H; with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.48 Mean density at z/D = 30.14for a supersonic turbulent round jet flame burning
H, with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.49 Variance of mixture fraction at z/D = 30.14 for a supersonic turbulent round
jet flame burning Hz with a coflowing air stream (M = 2.0 at jet pipe exit).
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Fig.4.50 Covariance of mixture fraction and internal energy at z/D = 30.14 for a super-
sonic turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at jet pipe
exit).
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Fig.4.51 Covariance of mixture fraction and density at z/D = 30.14 for a supersonic
turbulent round jet flame burning H with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.52 Covariance of mixture fraction and relative rate of volume expansion at z/D =
30.14 for a supersonic turbulent round jet flame burning H; with a coflowing air stream

(M2 =20 at jet pipe exit).
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Fig.4.53 Variance of internal energy at z / D = 30.14 for a supersonic turbulent round jet
flame burning Ha with a coflowing air stream (M2 = 2.0 at jet pipe exit).
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Fig.4.54 Covariance of density and internal energy at z/D = 30.14 for a supersonic
turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.55 Variance of density at z/D = 30.14 for a supersonic turbulent round jet flame
burning H, with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.56 Variance of relative rate of volume expansion at /D = 30.14 for a supersonic
turbulent round jet flame burning Hz with a coflowing air stream (M7 = 2.0 at jet pipe exit).
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Fig.f.i.57 Pdf (smoothed) of mixture fraction at z/D = 30.14 and r/D = 0.38 for a
supersonic turbulent round jet flame burning H; with a coflowing air stream (M] = 2.0 at
jet pipe exit). )
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Fig.4.58 Pdf (smoothed) of internal energy at /D = 30.14 and r/D = 0.38 for a
supersonic turbulent round jet flame burning H, with a coflowing air stream (M2 = 2.0 at
jet pipe exit).
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Fig.4.59 Pdf (smoothed) of density at z/D = 30.14 and r/D = 0.38 for a supersonic
turbulent round jet lame burning H, with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.61 Pdf (smoothed)

f
of mixture fraction at z/D = 30.14 and r/D = 3.66 for a

supersonic turbulent round jet flame burning H; with a coflowing air stream (M2 =20 at

jet pipe exit).
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Fig.4.62 Pdf (smoothed) of internal energy at z/D = 30.14 and r/D = 3.66 for a
supersonic turbulent round jet flame burning H, with a coflowing air stream (M? = 2.0 at
Jet pipe exit).
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Fig.4.63 Pdf.' (smoothed) of density at /D = 30.14 and r/D = 3.66 for a supersonic
turbulent round jet lame burning H; with a coflowing air stream (M? = 2.0 at jet pipe exit).
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Fig.4.64 Pdf (smoothed) of relative rate of volume expansion at z/D = 30.14 and r/D =
3.66 for a supersonic turbulent round jet flame burning Hz with a coflowing air stream
(M? = 2.0 at jet pipe exit).
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Fig.4.65 Pdf (smoothed)

of mixture fraction at z/D = 30.14 and r/D = 6.55 for a
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Fig.4.66 Pdf (smoothed) of internal energy at z/D = 30.14 and r/D = 6.55 for a
supersonic turbulent round jet flame burning H; with a coflowing air stream (M2 = 2.0 at

jet pipe exit).
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Fig.4.67 Pdf.' (smoothed) f’{ density at z/D = 30.14 and r/D = 6.55 for a supersonic
turbulent round jet lame burning H, with a coflowing air stream (M2 =2.0at jet pipe exit).
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Fig.4.68 Pdf (smoothed) of relative rate of volume expansion at z/D = 30.14 and r/D =
6.55 for a supersonic turbulent round jet flame burning H2 with a coflowing air stream
(M2 =20at jet pipe exit).
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Fig.4.69 Pdf of mixture fraction and internal energy at z/D = 30.14 and r/D = 3.66 for
a supersonic turbulent round jet flame burning H; with a coflowing air stream (M?2 = 2.0 at
jet pipe exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.70 Pdf of density and relative rate of volume expansion at z/D = 30.14 and
r/D = 3.66 for a supersonic turbulent round jet flame burning H with a coflowing air stream

(M2 = 2.0 at jet pipe exit). Lower plot contains the same pdf in the form of iso-probability
lines.
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Fig.4.71 Pdf of density and interna] energy at z/D = 30.14 and r/D = 3.66 for a
supersonic turbulent round jet flame burning H; with a coflowing air stream (M? = 2.0 at
Jet pipe exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.72 Pdf of mixture fraction and density at /D = 30.14 and r/D = 3.66 for a
supersonic turbulent round jet flame burning H2 with a coflowing air stream (MZ = 2.0 at
jet pipe exit). Lower plot contains the same pdf in the form of iso-probability lines.
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Fig.4.73 Pdf of internal energy and relative rate of volume expansion at z/D = 30.14 and
r/D = 3.66 for a supersonic turbulent round jet flame burning H; with a coflowing air stream

(Mg = 2.0 at jet pipe exit). Lower plot contains the same pdf in the form of iso-probability
lines.






